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To God 


G. F. Voronoi (1908) Monograph Translations Series 


Preface 


George Fedosevich Voronoi was born on 28%" April 
1868 , in Zhuravka, Poltava Guberniya, Russia, which 
is now in Ukraine. He died on 20** November 1908 in 
Warsaw, Poland. Both his master’s degree, 1894, on the 
algebraic integers associated with the roots of an irre- 
ducible cubic equation and his doctoral thesis on algo- 
rithms for continued fractions were awarded the Bun- 
yakovsky prize by the St. Petersburg Academy of Sci- 
ences. But he decided that he wanted to teach at the 
Warsaw University where he extended work by Zolotarev 
on algebraic numbers and the geometry of numbers. He 
met Minkowski in 1904 at an international conference in 
Heidelberg. 


The three papers by Voronoi all appeared in the same 
journal, the influential and prestigious Journal ftir die 
reine und angewandte Mathematik [Journal for the pure 
and applied mathematics]. This journal was a leading 
mathematical journal during 19%” and early 20% cen- 
turies when most of its publications appeared either in 
French or in German. In French it is called Journal de 
Crelle or Crelle’s Journal after the name of its founder 
in 1826 by August Leopold Crelle (1780-1855). Orig- 
inally Crelle intended the journal to emphasise equally 
both pure and applied mathematics. But the policy soon 
changed and it has been dealing solely with pure mathe- 
matics since the start of his second and short-lived Jour- 
nal fir die Bankunst (1829-1851) to deal the application 
side. 


The main idea is quite simple. It is that space can 
be partitioned into a set of regions, each surrounding a 
single point which is sometimes called a nucleus. Every 
point in a given region is closer to its own nucleus than 
to any nuclei of other regions. This idea has found so 
many applications in nature that I think it is as beau- 
tiful as the golden ratio 14+-v5 is. It has been used to 
study the forest fire and it has been used to study the 
structure of the distribution of galaxy. In fact the inter- 
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nal structure of many things has proved to be Voronoi, 
things in nature as well as man-made ones, for example 
plant cells and filtering membranes. Looking at a two- 
dimensional Voronoi structure will remind one of plant 
or animal cells partitioned by straight walls which re- 
sult from cosiness of circular cells growing among their 
neighbours. 


Voronoi’s lifelong work was in theory of numbers and 
is divided into three groups, namely algebraic theory of 
numbers, analytic theory of numbers, and geometry of 
numbers. His three papers translated here make up two 
of the planned series of memoirs to apply the principal 
of Continuous Hermite (Charles Hermite, 1822-1901) pa- 
rameters to problems of the arithmetical theory of def- 
inite and indefinite quadratic forms. He had completed 
only two of the series when he died in Warsaw, Poland 
on 20%? November 1908 , before the last one appeared in 
print in 1909. A short obituary written by Kurt Hensel 
(1861-1941) was included at the end of the paper, which 
is also included here in translation. 


The first paper gives characteristics of complete qua- 
dratic forms. In it Voronoi solved the question posed by 
Hermite on the upper limit of the minima of the posi- 
tive quadratic forms for a given discriminant of n vari- 
ables. Zolotarev (Egor Ivanovich Zolotarev, 1847-1878) 
and Korkin (Aleksandr Nikolaevich Korkin) had given 
solutions for n = 4 and n= 5. Voronoi gave an algo- 
rithmic solution for any n. He did this with the help 
of the methods of the geometrical theory of numbers. 
The present volume gives an English translation of this 
paper. 


The second and the third papers deal with simple 
parallelepipeds, that is polyhedra with parallelograms as 
all their faces. He gave the determination of all possi- 
ble methods of filling an n-dimensional Euclidean space 
with identical convex non-intersecting polyhedra (par- 
allelepipeds) which have completely contiguous bound- 
aries. A solution of this problem for three-dimensional 
space had been given by Fedorov (Evgraf Stepanovich 
Fyodorov, 1853-1919) who was a crystallographer al- 
though the proof he gave is said to be incomplete. Min- 
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kowski (Hermann Minkowski, 1864-1909) showed in 1896 
that the parallelepipeds must have centres of symmetry. 
He also demonstrated that the number of their bound- 
aries did not exceed 2(2”—1). Voronoi imposed further 
the requirement that n+ 1 parallelepipeds converge at 
each summit and solved the problem for these conditions 
completely. 


Voronoi’s collected works appeared in three volumes 
under the title of Sobranie sochineny, Kiev, 1952-1953. 
He is sometimes referred to as belonging to the St. Pe- 
tersburg school of the Theory of Numbers. This must 
have been the Petersburg Mathematical School some- 
times called Chebyshev School or Petersburg School. It 
was founded by Chebyshev (Pafnuty Lvovich Chebyshev, 
1821-1894) and had prominent figures as Grave (Dmitri 
Aleksandrovich Grave), Krylov (Aleksei Nikolaevich Kr- 
ylov, 1863-1945), Lyapunov (Aleksandr Mikhailovich L- 
yapunov, 1857-1918), Markov (Andrei Andreyevich Mar- 
kov, 1856-1922), Sohotski (Yulian-Karl Vasilievich So- 
khotsky, 1842-1927), Steklov (Vladimir Andreevich Ste- 
klov, 1864-1926), Korkin, K. A. Posse, and A. V. Vas- 


siliev. 
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New applications of continuous parameters 
to the 
theory of the quadratic form 


First Memoir 


On some properties of the 
perfect positive quadratic forms 


by 


Mr. Georges Voronor in Warsaw 


[Journal ftir die reine und angewandte Mathematik] 
[V. 133, p. 97-178, 1908] 


[translated by K N Tiyapan] 


Introduction 


Hermite had introduced in the theory of numbers a 
new and fruitful principle, namely: being given a set (zx) 
of systems (21,%2,...,%,) for all the values of 21,22,..., 
Ln, One associates with the set (x) a set (R) composed of 
the domains in a manner such that by studying the set 
(R) one studies at the same time the set (z) . 


Hermite has shown { numerous applications of the 


| Hermite. Extraits de lettres de M. Ch. Hermite 4M. 
Jacobi sur differents objets de la théorie des nombres. 
[Excerpts from letters of Mr. Ch. Hermite to Mr. Ja- 
cobi on various subjects in the theory of numbers] (This 
Journal V. 40, p. 261) 


Hermite. Sur Introduction des variables continues dans 
la théorie des nombres. [On the introduction of the con- 
tinuous variables in the theory of numbers] (This Journal 
V. 41, p. 191) 


Hermite. Sur la théorie des formes quadratiques. [On 
the theory of quadratic forms] (This Journal V. 47, p 
313) 


God’s Ayudhya’s Defence, Kit Tyabandha, Ph.D. 7" February, 2007 5 


Monograph Translations Series G. F. Voronoi (1908) 


new principle to the generalisation of continuous frac- 
tions, to the study of algebraic units, etc. 


The ideas of Hermite have been developed in the 
works of Mr.’s Zolotareff, Charve, Selling, Minkowski. 


t 


I intend to publish a series of Mémoires in which I 
shall show new applications of the principle of Hermite 
to the various problems of the arithmetic theory of def- 
inite and indefinite quadratic forms. 


In this Mémoire, I study the properties of the min- 
imum of positive quadratic forms and of their various 
representations by systems of integers. 


Hermite has discovered an important property of the 
minimum M of positive quadratic forms )la;;2;2; in n 
variables and of the determinant D, namely: 


me()" 
and he has demonstrated numerous applications of this 


t Zolotareff. On an indeterminate equation of the third 
degree (Petersbourg, 1869, in Russian.) 


Zolotareff. Theory of complex integers with applications 
to the integral calculus. (Petersbourg, 1874, in Russian.) 


Charve. De la réduction des formes quadratiques ter- 
naires positives et de leur application aux irrationelles 
de troisiéme degré. [Of the reduction of positive ternary 
quadratic forms and of their application to the irration- 
als of third degree] (Suppl. to V. IX of Annales Scien- 
tifiques de l’Ecole Normale Supérieure, 1880) 


Selling. Uber die bin&’ren und terndren quadratischen 
Formen. [On the binary and ternary quadratic forms] 
(This Journal, V. 77, p. 143) 


Minkowski. Geometrie der Zahlen. [Geometry of num- 
bers] (Leipzig, 1896) 
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formula. 
In a letter to Jacobi, Hermite has said 8: 


“That which precedes sufficiently indicates an infin- 
ity of other analogous consequences which, all, will de- 
pend on the difficult study of an exact limit of the min- 
imum of any definite form. Thereupon I then form only 
one conjecture. My first studies in the case of a form in 
n variables of the determinant D have given me the limit 


nod 
(4) 7 YD, I am inclined to presume, but without being 
n—1 
able to demonstrate that the numerical coefficient (4) 7 


has to be replaced by Tet” 


Mr.’s Korkine and Zolotareff has under taken the 
study of the exact limit of the minimum of positive quad- 
ratic forms of the same determinant. 


By indicating with M(a;;) the minimum and with 
D (aij) the determinant of the form )Jaij;z;ixj;, one will 
have the minimum 


of a positive quadratic form with determinant 1. 


By virtue of the theorem of Hermite the function 
M(aij) verifies the inequality J 


M(aij) < em 


§ This Journal. V 40, p. 296 
q Mr. Minkowski has demonstrated an upper limit of 
the function M(ai;) 
M(aij) <n 


much simpler than that from Hermite. 


(Minkowski. Uber die positiven quadratischen For- 
men und iiber kettenbruchahnliche Algorithmen. [On 
the positive quadratic forms and on continued fraction 
algorithm] This Journal V. 107, p. 291) 
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therefore it is bounded within the set (f) of all the pos- 
itive quadratic forms of real coefficients. 


Mr.’s Korkine and Zolotareff have demonstrated { 
that the function M(a;;) possesses many maxima in the 
set (f) which correspond to the various classes of equiv- 
alent positive quadratic forms. 


The limit wa indicated by Hermite in the letter to 
Jacobi (source cited) is only a maximum value of the 


function M(aj;;). 


The binary and ternary positive quadratic forms pos- 
sess a single maximum which is therefore, in this case, 
the exact limit of values of the function M(a;;). 


Reckoning from the number of variables n > 4, one 
meets many maxima of the function M(a,;;). 


Mr.’s Korkine and Zolotareff have found many values 
of various maxima of the function M(a;;) which exceed 
the limit Wat indicated by Hermite, but do not exceed 
the limit 2. 


The study of the exact limit of the minimum of pos- 
itive quadratic forms of the equal determinant comes 
down, after Mr.’s Korkine and Zolotareff, to the study 
of all the various classes of positive quadratic forms to 
which correspond the maximum values of the function 


M(aij)- 


The maximum maximorum of values of the function 
M(aij) is the largest value of the function M(a,;) which 
presents a numerical function as p(n). 


Mr.’s Korkine and Zolotareff have determined the 
following values of the function p(n): 


/4 
H(2) =, 3° u(3) = V2, u(4) = V4, u(5) = v8, : 
| Korkine and Zolotareff. Sur les formes quadratiques. 
[On the quadratic forms] Mathematische Annalen, V. VI, 
p. 366 and V. XI, p. 242 
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They have called extreme the quadratic forms which 
yield to the function M(a;j;) a maximum value. 


The extreme quadratic forms enjoy an important pr- 
operty, namely: 


I. Any extreme quadratic form is determined by the 
value of its minimum and by all the representations of 
the minimum. 


Mr.’s Korkine and Zolotareff have determined all the 
classes of extreme forms in 2, 3, 4 and 5 vertices. 


By studying these extreme forms, I have observed 
that they are all well defined by the property (I). There 
is only reckoning from positive forms in six variable wh- 
ich I have encountered positive quadratic forms which 
enjoyed the property (I) and are not of extreme forms. 


I call “perfect” any positive quadratic form which 
enjoys the property (I). 


I demonstrate that the set of all the perfect forms 
in n variables can be divided into classes the number of 
which is finite. 


All extreme form being, by virtue of the property 
I, a perfect form, it results in that the function p(n) 
presents the maximum of values of the function M(a;;) 
which correspond to the various classes of perfect forms. 


I have established an algorithm for the search of var- 
ious perfect forms by introducing a definition of contigu- 
ous perfect forms. 


To that effect, I make correspond to the set (») of 
all the perfect forms in n variables a set (R) of domains 


in n(n) dimensions determined with the help of linear 
inequalities. 


The set (R) of domains in n(nty) dimensions presents 
a partition of the set (f) of all the positive quadratic 
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forms in n variables. 


Each domain R possesses in the set (R) a contiguous 
domain which is well determined by any one face in - 
ninth) —1 dimensions of the domain R. 


I demonstrate that the domain R corresponding to 
the perfect form (21, %2,...,%n) being determined by the 
linear inequalities 


Spi aij > 0, (k= 1,2,...,¢) 


one will have o perfect forms defined by the equalities 


Pr(@1, £2, ss +) En) i p(r1,£2, sey ,2n) + pr¥x(21, £2, a .,2n), 
(k=1,2,...,0) (1) 
where 2 
Wy (21, 02,-.-,2n) = > pi) wins, 
provided that the positive parameter p, (k = 1,2,...,c) 
presents the smallest value of the function 
$(£1,02,..-,2n)-M 
—W(21,22,...,2n) 
where W(21,22,...,2n) <0 and M is minimum of the form 


(£1, 02,.--, En)- 


I call “contiguous to the perfect form ¢(2%1,22,..., 
Ln)” the perfect forms (1). 


Any substitution in integer coefficients and with de- 
terminant +1 belonging to the group g of substitutions 
which do not change the form ¢ permute only the forms 
(1). One can, therefore, divide the forms (1) into classes 
of equivalent forms with the help of substitutions of the 
group g. By choosing one form in each class, one will 
have a system of perfect forms contiguous to the perfect 
form ¢@ which can replace the system (1). 


By proceeding in this manner, one can obtain a sys- 
tem complete of representatives of various classes of per- 
fect forms. 


10 7" February, 2007  God’s Ayudhya’s Defence, Kit Tyabandha, Ph.D. 


G. F. Voronoi (1908) Monograph Translations Series 


The corresponding domains will form complete sys- 
tem of representatives of various classes of the set (R). 


I have remarked that a similar system 
R, Ri, Ro,...,Rp-1 (2) 


of domains of the set (R) can serve towards the reduction 
of positive quadratic forms. 


I call reduced any positive quadratic form belonging 
to one of the domains (2). 


It results from this definition: 


I. Any positive quadratic form can be transformed into 
an equivalent reduced form, with the help of a substitution 
which presents a product of substitutions belonging to a 
series of substitutions 


S15 892665 San 
which depend only on the choice of the system (2). 


IIT. Two reduced forms can be equivalent only provided 
that the corresponding substitution belonged to a series of 
substitutions the number of which is finite. 


The weak point of the new method of reduction of 
positive quadratic forms, demonstrated in this Mémoire, 
consists in that the number of substitutions which trans- 
form into itself the domains of the set (RA) or their faces 
is, in general, very large. 


The application of the general theory demonstrated 
in this Mémoire to the numerical examples will be partic- 
ularly facilitated if one knew how to solve the following 
problem: 


Being given a group G of substitutions which trans- 
form into itself a domain R, one would like to partition 
this domain into equivalent parts the number of which will 
be equal to the number of substitutions of the group G and 
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on condition that the number of faces in n(nti) _ 1 dimen- 


sions of domains obtained be the smallest possible. 


I show in this Mémoire the solution of the problem 
introduced in two cases: n= 2 and n=3. 


From the number of variable n > 4, I do not know 
any practical solution of the problem posed. 


First Part 
General theory 
of 
perfect positive quadratic forms 
and 


domains which correspond to them 
Definition of perfect quadratic forms. 


Let 
Oi Paes eal > ay ese; (1) 


be any positive quadratic form. By indicating with 
(tii; lon, ce ae} Ini), (lia, loa, eee) In2), pire} (lis, las, 8 <8 rlns) (2) 


the various representations of the minimum M of the 
form )(a;jx;x;, one will have the equalities 


Sage (k=1,2,...,8) (3) 


One will not consider in the following the two sys- 
tems 


(lik, lak,+++,;lnn) and (lig, —lax,..-,—Ink); 


(k= 1,2,...,8) 


as different and one will arbitrarily choose one of these 
systems. 
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On the ground of the supposition made, one will have 
the inequality 


Sa 22; >M 


provided that a system (21,%2,...,2%n) of integer values 
of variables 21, £2,...,£n did not belong to the series (2), 
excluding the system x; =0,%2=0,...,2, =O. 


By considering the equalities (3) as the equations 


which serve to determine n(n ti) coefficients of the quad- 
ratic form ) \a;jx;x2;, one will have only two cases to ex- 
amine: 


1.) there exist a finite number of solutions of equa- 
tions (3), 


2.) the equations (3) admit only a single system of 
solutions. 


Let us examine the first case, 


Let us suppose that there exists an infinite number 
of solutions of equations (3). 


One will find in this case an infinite number of values 
of parameters 


Pij = Phi (4=1,2,...,n;7 =1,2,...,n) 
verifying the equations 
S> piglinljn = 0, (B= 1y.2 34.8) (4) 


the values pj; = 0, i= 1,2,...,n;7 = 1,2,...,n being ex- 
cluded. 


By indicating 


W(21,22,...,02n) = ) Pijgtit;, 


let us consider the set of positive quadratic forms deter- 
mined by the equality 


f (a1, f2,..-,2n) = p(21, Z2,---,2n) +p (a1, £2,..-,2n), (5) 


God’s Ayudhya’s Defence, Kit Tyabandha, Ph.D. 7" February, 2007 13 


Monograph Translations Series G. F. Voronoi (1908) 


the parameter p being arbitrary. 


For a quadratic form determined by the equality (5) 
to be positive, it is necessary and sufficient that the cor- 
responding value of the parameter p be continuous in a 
certain interval 

-R'<p<R. 


It can turn out that R= +o, in this case the lower 
limit —R’ will be finite. By replacing in the equality (5) 
the form W(21,%2,...,¢n) by the form —W(21,22,...,2n),; 
that which is permitted by virtue of (4), one will have 
the interval 

-R<p<R’, 


therefore one can suppose that the upper limit R is fi- 
nite. 


The corresponding quadratic form, determined by 
the equality 


f(@1,02,---, En) = (01, 22,---,2n) + RV(a1, £2,..-,2n), 


will not be positive, but it will not have negative values 
either; one concludes that least for a system (§1, &2,..., 


€,) of real values of variables 41, %2,...,%, the form f(x, 
Z2,...,0,) attains in its value the smallest which is zero, 
and it follows that the system (1, §2,...,€2) verifies the 
equation 
Of Op Ow 
= R =0. (4=1,2,..., 
ae; Oe | OE, ae 
By eliminating from these equations €1,&2,...,&, one 

obtains the equation 

ai1.+ RPii, ai2+ RPi2, seey Qin+ RPin 
D(R) = Q21 + RPaoi, a22 + RP22, sey Qon + RPon 0 

Qnit+ RPni, Q@n2 + RPpra2, Sapiesg, Qnn + RPan 


The smallest positive root of this equation presents 
the value of R searched for. 


14. 7" February, 2007  God’s Ayudhya’s Defence, Kit Tyabandha, Ph.D. 


G. F. Voronoi (1908) Monograph Translations Series 


Let us examine the set (f) of positive quadratic forms 
determined by the equality (5) with condition 


O<p<R. (6) 


Theorem. To the set (f) belongs a quadratic form 91(21, 
LZ2,..+,Ln) which is well determined by the following con- 
ditions: 


1. all the representations of the minimum M of the 
form p(@1, £2,..-,2n) are also representations of the min- 
imum M of the form 1(@1,22,.--,2n); 


2. the form 1(£1,£2,-.-,2n) moreover possesses at 
least another representation of the minimum M. 


Let us indicate by M(p) the minimum and by D(p) 
the determinant of the quadratic form f(21,22, ...,2n) 
defined by the equality (5) with condition (6). 


By virtue fo the theorem by Hermite, one will have 
the inequality 


M(p) < u(r) VD(p). (7) 


We have demonstrated that D(R) = 0, it results in 
that a value of the parameter p can be chosen in the 
interval (6) such that the inequality 


y(n) /D(p) <M 


holds. One will have, because of (7), 


M(p) <M. (8) 
Let us indicate by (li,lo,...,ln) a representation of 
the minimum M(p) of the form f(x1,22,...,¢%n) verifying 


the inequality (8). 
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One will have 
p(li,le,.--,ln) tpi, le,..-,ln) < M, (9) 
and as a result 


y(li,le,...,ln) > M and W(1i,l2,...,ln) <0. (10) 


This posed, let us find the smallest value of the func- 
tion 5 
PCL ia) (11) 
—WU(£1,£2,...,2n) 


determined with condition 


W (v1, 22,.--,2n) <0. (12) 


To that effect, let us examine the inequality 


p(@1,02,.--,2n)—-M _ p(li,le,...,ln) -M 
—W(£1,2£2,.--,2n) > —W(I1,lo,...,In) 


By virtue of (9), (10) and (12), one will have 


p(@1,£2,.. Gea) + pW (21, £2,..., En) <M. 


The quadratic form 9(21,%2,...,@n) + pW(21,22,..., 
z,) being positive, there exists only a limited number of 
integer values of £1,22,...,2, verifying this inequality. 
Among these systems are found all the systems which 
give back to the function (11) the smallest value deter- 
mined with condition (12). 


Let us indicate by 
CONE cet ol owes (EP saan) 


all the representations of the positive minimum p; of the 
function (11). 


By declaring 
1i(£1,02,.--,02n) = (£1, 22,---,2n) + p1¥ (£1, 22,.--,2n), 


16 7" February, 2007  God’s Ayudhya’s Defence, Kit Tyabandha, Ph.D. 


G. F. Voronoi (1908) Monograph Translations Series 


one obtains the positive quadratic form 91(21, Z2,...,2n) 
the minimum M of which is represented by the systems 
(2) and (13), this is that which one will demonstrate 
without trouble. 


With the help of the procedure previously shown, one 
will determine a series of positive quadratic forms 


P,P1,72,--- (14) 
which enjoy the following property: by indicating with 
Ss, the number of representations of the minimum of the 


form »;,(k = 1,2,...), one will have the inequalities 


8S<81<S89<--- (15) 


A similar series of positive quadratic forms of n vari- 
ables can not be extended indefinitely, this is that which 
we will demonstrate with the help of the following lem- 
ma. 


Lemma. The number of various representations of the 
minimum of a positive quadratic form in n variables does 
not exceed 2” —1. 


Let us indicate by (li,le,...,ln) and (14,15,...,U,) any 
two representations of the minimum M of the positive 
quadratic form )) a,;2;2;. 


Let us suppose that by declaring 
PS ee ots 16 Sy eae) (16) 
the number ¢1,t2,...,t, would be integer. 
As 
Soa; = M and SY oagjlilj = M, 
by virtue of (16), it becomes 
So aiglity + >) asjtits = 0 
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One will present this equality under the form 


So aig (le + ta) (lj + ty) + DO asta; = Ne diglals: (17) 


By noticing that 


Ss ajjtit; > S- aiglil;, 


one finds, by virtue of (17), 
>> aay (li + ts) (ly + ty) <0, 


therefore it is necessary that 
S> aaj (li t+ ts) (lj + t;) = 0, 
and consequently 


i, +t; = 0. (¢=1,2,...,n) 


Because of (16), one obtains 
PS. re 1 ee) 


This posed, let us divide the set (X) of all the systems 
(41, @2,...,@,) Of integer values of 21,%2,...,2n into 2” 
classes, with regard to the modulo 2. 


We have demonstrated that two different representa- 
tions of the minimum M of the form )la;j;2;x2; will not 
belong to the same class; neither will any representa- 
tion of the minimum M belong to the class made up of 
systems (21, @2,...,£,) satisfying the condition 


z,=O(mod2), ((=1,2,...,n) 


therefore the number of various representations of the 
minimum of a positive quadratic form can not be greater 
than 2”-1. 


We have demonstrated that the series (14) of positive 
quadratic forms satisfying the condition (15) can not be 
extended indefinitely, therefore the series (14) will be 
terminated by a form y, which enjoys the following prop- 
erty: the form gy, is determined by the representations 
of its minimum. 
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Definition. One will call perfect any positive quadratic 
form which is determined by the representations of its 
minimum. 


Let us suppose that the form (1) be perfect, one will 
have in this case only a single system of solutions of 
equations (3). 


On the ground of the supposition made, the equa- 
tions 


Se pelea =, (k=1,2,...,8) 
admit only a single system of solutions 


Pi =P =O. G=1,2,...,n;7=1,2,...,n) 


By effecting the solution of equations (3), one ob- 
tains the equalities 
aij =ajM, (4=1,2,...,n;7=1,2,...,n) 
where the coefficients a;; are rational. 


It results in that the perfect form ~% is of rational 


coefficients. In the following one will not consider as 
different the perfect forms of proportional coefficients. 


Fundamental properties of perfect quadratic forms. 


Let 
p(£1, 22, .- .)n) = i au2e, 
be a perfect quadratic form. Let us suppose that all the 
different representations of the minimum of the perfect 
form y make up the series 


(111, ta1,---5¢n1), (lia, laa,.--5dn2),-++5 (lis, las,.--ylns). (1) 


By choosing any n systems in this series, let us ex- 
amine the determinant 


laa, lia, calin 
lai, loa, we. lan SA (2) 
Uni, ln2, wae glare 
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All the determinants that one can form this way can 
not cancel each other out. By supposing the contrary, 
one will have s equations of the form 


n—-1 
eS es = Weis a ha 1 eve) 1) 
r=1 
One will choose a system of n(n +1) parameters pij = 
pj, verifying n(n) equations 
Srlwli=0.. (WH 12a ht La he) 


and by virtue of (3), one will have 


YS pilin SO) (k=1,2,...,8) 


which is impossible. 


The numerical value w of the determinant (2) can not 
exceed a fixed limit. To demonstrate this, let us effect 
a transformation of the perfect form gy with the help of 
a substitution 


Tr 
a ie) OS Dy iat) (4) 
r=1 
one will obtain a form 
yp (24,2; saey e.,) = Sai xia',, 
where 
GM. S152 tt) (5) 
By indicating with D’ the determinant of the form 
gy’, one will have the inequality 
41459 °7' On > D’, 


by virtue of the known property of positive quadratic 
forms. 


Considering (5), one obtains 
M">D'. (6) 
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By indicating with D the determinant of the form ¢, 
one will have, because of (2) and (4), 


D' = Dw?, 
therefore the inequality (6) reduces to the one here: 


Dw? <M”. 


By virtue of the theorem by Hermite, one has the 
inequality 
M < p(n) VD; 


it follows that 
w <[u(n)]#.1 (7) 


Any perfect form will obviously be transformed into 
a form, also perfect, with the help of all linear substitu- 
tion of integer coefficients and of determinant +1. 


One concludes this that there exists a finite a finite 
number of equivalent perfect forms. 


The set (vy) of all the perfect forms in n variables can 
be divided into different classes provided that each class 
be made up of all the equivalent perfect forms. 


Theorem. The number of different classes of per- 
fect forms in n variables is finite. 


Let us indicate by 


Ap = lipgd1 tleptat...tlaren (k=1,2,...,8) 


s linear forms 
Ai, A2,---5AXs5 (8) 
+t See the Mémoire of Mr.’s Korkine and Zolotareff sur 
les formes quadratiques positives. (Mathematische An- 


nalen V. XI, p. 256) 
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which correspond to the systems (1) of representations 
of the minimum of the form WV. 


One establishes this way a uniform correspondence 
between a perfect form y and the system (8) of linear 
forms. 


Let us suppose that one had transformed the per- 
fected form y with the help of a substitution S by inte- 
ger coefficients and with determinant +1, one will obtain 
an equivalent perfect form gy’. Let us indicate by 


Nip Abe AG (9) 
the corresponding system of linear forms. 


One will easily demonstrate that the substitution T, 
adjoint to the substitution S §, will transform the system 
(8) into a system (9). 


One concludes that a certain reduction of perfect 
forms can be effected with the help of the reduction of 
corresponding systems of linear forms. 


The reduction of the system (8) comes down, by virt- 
ue of (7), to the reduction of any n linear forms 


ye. Create We (10) 


belonging to the system (8) and with determinant +w 
which does not cancel each other out. 


§ The substitution S being defined by the equalities 


one calls “substitution adjoint to S” the substitution T 
which is determined by the equalities 


nr 

' : 
y Ainley =U, (4=1,2,...,n) 
k=1 
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One will determine with the help of the known meth- 


oda substitution T which will transform the linear forms 
(10) of integer coefficients into linear forms, 


DAZ AD (11) 


satisfying to the following conditions 


Ni = Pawe +PetijkCeg1 t---+Pnketn, (k= 1,2,...,n) 
P11P22°°'Pnn =W and per > 0, (kK=1,2,...,n) 
O < Prti,k < Pek- (4=1,2,...,.n-k;k=1,2,...,n) 


The coefficients of forms (11) being integers, as a 
result they do not exceed fixed limits. 


The substitution T will transform the system (8) into 
a system 
Sie eae (12) 


of linear forms. By examining successively the determi- 
nants of forms 


(Ak; gies cA) s (ATs Eien Ag eesti eee ap 


(kK=n+1,n42,...,8) 


one will demonstrate that the numerical values of coef- 
ficients of all the linear forms (12) do not exceed fixed 
limits. 


The number of similar systems of linear forms in inte- 
ger coefficients being limited, it results in that the num- 
ber of different classes of perfect forms is also limited. 


On the domains determined with the help of linear in- 
equalities 


We have seen in Number 7 that the study of per- 
fect forms can be brought back to the study of certain 
systems of linear forms. 
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One will acquire a new basis to these studies by mak- 
ing correspond to each perfect quadratic form in n vari- 
ables a domain in n(n) dimensions determined with the 
help of linear inequalities. 


One will address first the general problem by study- 
ing the properties of domains determined with the help 
of linear inequalities. { 


Let us consider a system of linear inequalities 


Pik©1 + Porto +... t+ Pmelm—>O, (k= 1,2,...,¢0) 
in any real coefficients. 


One will call point (x) any system (21, 20,...,%m) of 
real values of variables x1, 22,...,£%m and one will indicate 
Ye(@) = pik®1 + partet+---+Pmketm. (kK=1,2,...,0) 


One will call “domain” the set R of points verifying 
the inequalities 


ye(z) > 0. (K=1,2,...,0) (1) 


Let us suppose that to the domain R belonged to 
points verifying the inequalities 


ye(z) >0, (k=1,2,...,0) 


one will call such points interior to the domain R, and 
the domain R will be said to be of m dimensions. 


It can be the case that the domain R does not possess 
interior points. One will demonstrate in this case all 
the points belonging to the domain R verify at least one 
equation 

yn (x) = 0, 


the indice h being a value 1,2,...,¢. 


It is important to have a criteria with the help of 
which one could recognise whether a domain determined 
by the help of inequalities (1) will be in m dimensions 
or not. 


t See: Minkowski. Geometrie der Zahlen [Geometry of 
the numbers], No. 19, p. 39. 
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Fundamental principle. For a domain determined with 
the help of inequalities (1) to be of m dimensions, it is 
necessary and sufficient that the equation 


So peye(x) = 0 (3) 


k=1 


did not reduce into an identity so long as the parameters 
(2; P2,---,Pa are positive or zero, the values pi = 0,p2 = 
0,..-,;Po =O being excluded. 


The principle introduced, considered from a certain 
point of view, is evident, but one arrive at the rigorous 
demonstration of this principle only with the help of the 
in depth study of domains determined with the help of 
linear inequalities. 


For more simplicity, one will examine in that which 
follows only domains satisfying the following conditions: 
the equations 


yr(z) =O (kK=1,2,...,¢) (2) 
can not be verified by any point, the point 71 = 0,422= 
0O,...,2m =O being excluded. 


It is easy to demonstrate that the general case will 
always come down to the case examined. 


Definition. One will call edge of the domain R deter- 
mined with the help of inequalities (1) the set of points 
belonging to the domain R and verifying the equations 


ye(z) =0, (kK=1,2,...,r where r<o) 
provided that these equations defined the values of 21,22, 


.,;L2m to an immediate common factor. 


By indicating with (£1,€2,...,€m) a point of the edge 
considered, one will determine all the points of the edge 
with the help of equalities 


Li = p&i, (4=1,2,...,n) 
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p being an arbitrary positive parameter. 


This results in that each edge of the domain R is well 
determined by any point belonging to it. 


Let us suppose that the domain R possesses s edges 
characterised by the points 


(Ee) = (E1n,€2n,---1€mk)- (k= 1,2,...,8) 


By declaring 


s 
Be SS pbans (4=1,2,...,m) (3) 
k=1 
where 
pr>0O, (k=1,2,...,8) (4) 
one obtains a point (x) belonging to the domain R, the 
positive or zero parameters f1,p2,..-.,p; being arbitrary. 


Fundamental theorem. Let us suppose that the inequ- 
alities (1) which define the domain R satisfy the condition 


(=). 


The domain R will be of m dimensions and each point 
belonging to it will be determined by the equalities (3) with 
condition (4). 


The theorem introduced is well known in the case 
m=2 and m=3. 


We will demonstrate that by supposing that the the- 
orem be true in the case of m—1 variables, the theorem 
will again be true in the case of m variables. 


Let us examine first the various inequalities of the 
system (1). It can be the case that many among them 
could be put under the form 


yn(e) = py, (x) where pe” >0. 
k=1 
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(k =1,2,...,8;p\ =0) 


One will call such inequalities dependent and one will 
exclude them from the system (1). 


Let us suppose that the system (1) contained only 
independent inequalities. 


Their number p, on the ground of the supposition (2) 
made, will not be less than m. 


This posed, let us examine a set P, of points belong- 
ing to the domain R and verifying an equation 


yn (2) — 0, (5) 


the indice h having a value 1,2,...,0. 
One will call “face of the domain R” the domain Py. 


On the ground of the supposition made, the face Py, 
will be in m—1 dimensions. 


To demonstrate this, let us make correspond to any 
point (xz) verifying the equation (5) a point (wu) in m-1 


coordinates (ui, U2,.--,Um—1) by declaring 
m-1 
Lis S- AijU;- a= 1,2,...,m) 
j=l 


The system of inequalities (1) will be transformed 
into a system 


ne(u) 20 (K=1,2,...,0;k Fh) (7) 


of inequalities in m—1 variables ui, u2,...,Um-1- 


Let us suppose that one knew how to reduce the 
equation 


S> prnk(u) =0 where p;, =O and px >0 (K=1,2,...,0) 
k=1 
(8) 
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into an identity. By virtue of (6), one will obtain the 
identity 


So peye(@) = pyn(z) where pp, =0. 
k=1 


One can not suppose that p > 0, since otherwise the 
inequality 
yn(z) 20 


would be dependent and on the ground of the supposi- 
tion made would not belong to the system (1). 


By supposing that p <0, one will admit p;, = —p and 
one will obtain the identity 


S> pryx(z) =0 where px >0, (kK=1,2,...,¢0) 
k=1 


which is contrary to the hypothesis. 


We have supposed that the theorem introduced be 
true in the case of m—1 variables. As the equation (8) 
can not be reduced into an identity, one concludes that 
the system of inequalities (7) defines a domain B;, in m-1 
dimensions. Moreover, by indicating with 


(wii, UQ1, +655 Um-1,1)> (ui2, U22) 


+) Wm—1,2)) +++) (Wit, Wat, +++, Um-—1,t) (9) 


the points which characterised t edges of the domain B,, 
one will determine any point (wu) of this domain by the 


equalities 
t 


u= S- Pruix where pz > 0, 
k=1 


(k =1,2,...,t;i=1,2,...,m—1) (10) 
One will make correspond to the points (9) the points 


(Er) = (€1r, €ar,-++y€mr), (r=1,2,...,t) (11) 
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by determining them with the help of equalities (6) and 


(9). 


The points obtained (11) characterise t edges of the 
domain R belonging to the face P,. Any point (zx) be- 
longing to the face P, will be determined, on the grounds 
of (6) and (10), by the equalities 


t 

r= S> préir where p, >0. (k= 1,2,...,t;=1,2,...,m) 
k=1 

(12) 


Let us notice that all the points (11) verify the equa- 
tion 


yn(z) =O (13) 


and satisfy the conditions 


yr(z)>0. (k=1,2,...,0) 


One obtains thus the equalities 


yr(&r)>O0 (r=1,2,...,t;k = 1,2,...,0) (14) 


The face P;, being in m—1 dimensions, the equalities 
(14) would define the coefficients of the equation (13) to 
a close by common factor. 


Let us suppose that one had determined this way all 
the faces 
P,, Po,..., Po (15) 


in m—1 dimensions of the domain R. 
Let us suppose that the points 


(Ex) = (1b, §2n,---,€Emk) Chi ey Died eats) (16) 


characterise the various edges of the domain R belonging 
to the various faces (15). 
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By indicating 
s 
ca S- pr€ix where pp >0, (K=1,2,...,8;i=1,2,...,m) 
k=1 (17) 
one obtains a set of points which all belong to the do- 
main R. 


I say that any point (xz) belonging to the domain R 
can be determined with the help of equalities (17). 


One can suppose that the point (z) does not belong 
to any one of the faces (15), since any point belonging 
to them can be determined with the help of equalities 
(12). 


By supposing that one had the inequalities 


ye(z@) >0, (k=1,2,...,0) 


let us arbitrarily choose a point (€,-) among those of the 
series (16) and let us admit 


Li = Bi — PEir where p>o. (4=1,2,...,m) (18) 


So long as the parameter p is sufficiently small, one 
will also have 


unl @) Os CRS 12s ye) 


By making the parameter increase in a continuous 
manner, one will determine with the help of equalities 
(18) a point (2') verifying an equation 


yn(x') =O 
and satisfying the condition 
yr(2')>0. (k=1,2,...,0) 


The point obtained (z') belongs to the face P;,, there- 
fore one can declare 
t 
2S SS pe bir where p, >0.(kK=1,2,...,t;4=1,2,...,m) 
k=1 
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By virtue of (18), it becomes 
t 
Li = PEir + 3S Préiz Where p> 0, p, >0. 
k=1 
(K=1,2,...,t;7=1,2,...,m) 


It remains to demonstrate that the domain F is in m 
dimensions. 


Let us notice that all the points determined by the 
equalities (17) with condition 


pPr>O (k= 1,2,...,8) 
are interior to the domain R. 
In effect, all the points (16) verify the inequalities 
yn(€x) 20. (K=1,2,...,5;h=1,2,...,0) (19) 
By multiplying these inequalities by p;, let us make 


the sum of inequalities obtained; one will have, because 
of (17), 


s 

yn(@) = © pryn(Ex) > 0. (h=1,2,...,0) 
k=1 

By virtue of (19), one will have the inequality 
yn(vz) > 0, (hR=1,2,...,8) (20) 


so long as the numbers yn(&1),yn(€2),---,yn(€s) do not 
cancel each other out. 


One can not suppose that the equalities 
yn(Ex) =O (k=1,2,...,8) 
holds, because otherwise all the equations 
yi(x) = 0, y2(x) = 0,...,yo(z) = 0 
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would be of proportional coefficients, which is contrary 
to the hypothesis; therefore one will have the inequali- 
ties (20), and it follows that the domain R is of m di- 
mensions. 


We have demonstrated that the condition (&) is suf- 
ficient for the domain R to be of m dimensions. It is 
easy to demonstrate that this condition is necessary. 


We have defined in Number 10 the faces in m—1 
dimensions of the domain R. This definition can be gen- 
eralised. 


Definition. One will call face in wp dimensions of the do- 
main R (wu =1,2,...,m—1) a domain P(p) formed from 
points belonging to the domain R and verifying a system 
of equations 


ye(2) = 0, (K=1,2,...,7) (21) 


provided that these equations define a domain in w di- 
mensions composed of points which, all, do not verify any 
other equation y741(2) = 0,...,yc¢(@) = 0. 


Let us choose among the points (16) all those which 
verify the equations (21). 


By indicating with 


Ex = (€1k, €2k)+++1Emk)> (k=1,2,...,t) 


one will declare 


t 

r= S> erik where p, >0. (K=1,2,...,4;4=1,2,...,m) 
k=1 

(22) 


It is easy to demonstrate that any point (x) belong- 
ing to the face P(yuz) can be determined with the help of 
equalities (22). 
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Corollary. Each face of the domain R is a set of points 
determined by the equalities (22) provided that any point 
belonging to it could not be determined by the equalities 


s 
Li= S- pr&ik Where pz>Q0, 
k=1 


(k= 1,2,...,8;4=1,2,...,m) 


unless all the parameters pt41,Pti+2;---,Ps do not cancel 
each other. 


Any point belonging to the domain R either is in- 
terior to the domain R or is interior to a face of that 
domain. 


Let us suppose that the point (x) be interior to a 
face P(y) of the domain R which is formed from all the 
points determined by the equalities (22). 


I argue that one can always determine the point (z) 
by the equalities (22) provided that 


pr>oO. (k=1,2,...,¢) 


To demonstrate this, let us indicate 


t 
pi= = bin. (toi ee eee 9) 
k=1 


The point (a) is interior to the face P(). 


By admitting 
x, = 2;,—-pa; where; p>0, (t=1,2,...,m) (23) 


a 


one obtains a point (2) which will be interior to the 
face P(yu) so long as the parameter p will be sufficiently 
small; it follows that 


t 
eo = S- Preizk Where pj, >0. 
k=1 
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(K=1,2,...,t;%=1,2,...,m) 
By virtue of (23), one obtains 


t 
k=1 
and by making 
P+ Pp, = Pr, (K=1,2,...,#) 


one will have 
t 
LS > PrEik where pz,>QO. 
k=1 


(K=1,2,...,t;4=1,2,...,m) 


Let us notice that by making uw = Mm and t = s, one 
will indicate with the symbol P(m) the domain R; one 
concludes that any point (x) which is interior to the do- 
main R can be determined by the equalities 


8 
ee yi pPréik where pz, > 0. 


k=1 


(K=1,2,...,8;4=1,2,...,m) 


On the correlative domains. 


Definition. Let us suppose that a domain R be deter- 
mined with the help of inequalities 


Pirl1 + PokrLo+.-.-+ Pmk&m => O. CR 2 tas oO) 


One will call correlative to the domain R the domain 
R which is formed from all the points (x) determined by 
the equalities 


o 
Li = S> prPir where Pr-O. (kK =1,2,...,0;4=1,2,...,m) 


k=1 
(1) 
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I say that the domain R will be in m dimensions, 
if the domain R does not possess points verifying the 
equations 


Pik®1 + PikL2+PmklCm = O,~z (k=1,2,...,0) 


the point 4; = 0,22 =0,...,%2m =O being excluded. 


In effect, if all the points of the domain R verified 
the same equation 


€1ti t+ €e%2+.-..+Emem =O, 
one would have the equalities 
Eipik + €2por +... +EmPmk = 90, (kK =1,2,...,0) 
by virtue of (1), which is contrary to the hypothesis. 


Theorem. By supposing that the domain R be formed 
from all the points (x) determined by the equalities 


s 
ay S” pres. where: py > 0; (Ro 1, 250. 5:8) 1, 254.4) 
k=1 
(2) 
one will define the correlative domain R with the help of 
inequalities. 


E1e@1 + Eor®o+.-.. t+ Emkem > O. (k= 1,2,...,8) (3) 


Let us indicate by R’ the domain determined with the 
help of inequalities (3). 


On the ground of the supposition made, all the points 


(€11, 21; oe »»Emi)s (€12; €22; see »Em2)s soe acy (€15) €2s; acces Ems) 


characterise the edges of the domain R, and one will have 
the inequalities 


Pin€1k + P2nE2k + +--+ PmnEmk 
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(h=1,2,...,0;h=1,2,...,0). (4) 
We have seen in Number 10 that each face Py, in m— 


1 dimensions of the domain R is characterised by the 
points 


(11, €21,---,§m1), (12, 22,---,&m2),---5 (Sit, Sat, -- +, Eme) 
which verify the equation 
yn = 0 (5) 
of the face P,. One obtains the equalities 
Pin€ik + Pan2k +---+PmnEme =O (k=1,2,...,€) 


which define the coefficients pin, pan,---,Pmn Of the equa- 
tion (5) to an immediate common factor. 


One concludes, by virtue of the definition established 
in Number 9, that the point (pin, Pon,---;Pmn) Charac- 
terises an edge of the domain FR’. 


By attributing with the indice h the values 1,2,...,0, 
one obtains a series 


(p11, P21,-- -,Pmt1), (p12, P22, - .->DPm2);- .-; (Pic, P20;- -->DPmo) 


of points which characterise different edges of the do- 
main PR’. 


I argue that the domain FR’ does not possess other 


edges. To demonstrate this, let us suppose that a point 
Pi, P2,---,;Pm Characterises an edge of the domain R’. 


One will have the equalities 


Pibin + poban +---+PmEmn = 0, (h=1,2,...,#) (6) 


which define the coefficients pi,p2,..-,Pm to a nearby 
common factor, and one will have the inequalities 


pPibin + po€an +---+PmEmn = O. (k= 1,2,...,8) (7) 
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Let (x) be any point of the domain R. One will de- 
termine the point (x) with the help of equalities (2). By 
multiplying the inequalities (7) with p, and by making 
the sum of inequalities obtained, one will have, because 
of (2), 

Pili t+ potet...+Pmlm > 0. 


One concludes that the inequalities 


pili —Pp202—...-—Pml&m>O0 


and 
Pik®1 + PparLoa+...-+Pmkl€m => O,; 


define a domain which is not in m dimensions. 


By virtue of the fundamental theorem of Number 10, 
one will determine in this case positive values or zeros 
of parameters p,fi,.-.-,P> which reduce the equation 


—p(pit1+ pote +...+ DPmem)+ 


> pr (pints + parte +... + Pme&m) = 0 


k=1 


into an identity. 


It follows that 


o 
Pi = oy Ee where io > 0.44 
Pp 
k=1 


(kK =1,2,...,0;4=1,2,...,m) 


By substituting (6), one will have 


oO 


bs = (EinPak + €2nPart+---+&mnaPme) =O. (h=1,2,...,¢) 


k=1 


By virtue of (4), one finds 
Pk 
wp (SthPik + E2anpor +-.-t+&EmnPmk) = O. 
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(h=1,2,...,t;k =1,2,...,0) 


Let us suppose that = > 0, then 


€1nPik + €2anPor +---+&maPme =O, (h=1,2,...,t) 


therefore the coefficients pi,p2,...,Pm, by virtue of (6), 
are proportional to the coefficients pix, por,---;Pmk; it 
follows that the points (pix, Pak,;---;Pmk) and (pi,p2,-.-,; 


Pm) Characterise the same edge of the domain RF’. 


By virtue of the fundamental theorem in Number 10, 
all the points of the domain FR’ will be determined by the 
equality (1), this results in that the domains R and R’ 
coincide. 


Corollary. Let us suppose that a face P(u) in pw dimen- 
sions of the domain R be determined by the equations 


Pirl1 + Parte +... + Pmkrl&m =O, CRS 1 ys t) 


and that any point (x) belonging to the face P(p) be de- 
termined by the equalities 


t 


Lye > Pr&ik where Pk > O. 
k=1 


(K=1,2,...,¢;4=1,2,...,m) 
The correlative domain R will possess a correspond- 


ing face B(m-— pw) in m—p dimensions determined by the 
equations 


E1n01 + Eontat... + Emetm =O (k= 1,2,...,t) 
and any point (x) belonging to the face B(m—- yp) will be 


determined by the equalities 


, 
“= S- PrPix where px > 0. 
k=1 


(K=1,2,...,7;4=1,2,...,m) 
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Definition of domains of quadratic forms correspond- 
ing to the various perfect forms 


Let us consider any one perfect quadratic form ¢. 


Let us suppose that all the representations of the 
minimum of the form » make up the series 


(tii, lei, te -yln1), (lie, loo, ar - Une), sey (lis, las, eas -ylns)- (1) 


By indicating 
Ag = ligt®itleptat...tlnzrtn, (k=1,2,...,8) (2) 
one corresponds to the series (1) a series of linear forms 


5 Ce ane, OF 


Let us consider a domain R of quadratic forms de- 
termined by the equality 


s 
f(@1,@2,.-.,2n) = S- pire 
k=l 


with condition that 


pr>O. (k=1,2,...,8) 


One will say that the domain R correspond to the 
perfect form ¢. 


Let us notice that the domain R is in “%t» dimen- 
sions. 


By supposing the contrary let us suppose that all 
the quadratic forms belonging to the domain R verifies 
a linear equation 


W(f) = Do pizesy = 0. 
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On the ground of the established definition, one will 
have the equalities 


WAL S=0 (hj 71, 2y2555) 
or, that which comes to the same thing, because of (2), 
Pijlinljn =O (kK =1,2,...,8) 
which is impossible, the form » being perfect. 
On the ground of what has been said in Number 9— 
14, the domain R possesses s edges characterised by the 


quadratic forms 
Dee ene Gan (3) 


s 


Let us suppose that one had determined all the faces 
Pi, P2,..., Po 


in n(nyi) —1 dimensions of the domain R. 


Each face Py, can be determined by two methods: 


1. All the quadratic forms belonging to the face P, 
verify an equation 


U.(f) = > pl} aij =0 
which can be determined in such a way that the inequal- 
ity 
Wr(f) > 0 


held so long as the form f belonging to the domain R is 
exterior to the face Px. 


2. By choosing among the quadratic forms (3) these 
Aig AG 


which verify the equation (4), one will determine all the 
quadratic forms belonging to the face Py, by the equali- 
ties 


t 
f (1,22, weg -)2n) => >» PRAZ; 


k=1 
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where 
pr>O. (k=1,2,...,t) 


By virtue of the theorem of Number 14, the domain 
R can be considered as a set of points verifying the in- 
equalities 
W,.(f)>0. (K=1,2,...,0) 


On the extreme quadratic forms 


Let us indicate by M(a;;) the minimum and by D(aj;;) 
the determinant of a positive quadratic form )\a;j;2;2;. 
The positive quadratic form PBrany Ue VIP will be of 


determinant 1 and will possess the minimum 


Let us examine the various value of the function 
M(aiz) 


which is well determined in the set (f) of all the positive 
quadratic forms in n variables. 


Definition. One will call extreme { a positive quadratic 
form Yoaijxixj which enjoys the property that the corre- 
sponding value of the function M(aij) is minimum. 


Let us notice that the function M(a;;) does not ch- 
ange its value when one replaces quadratic form )) ajj;x42r; 
by a form of proportional coefficients. 


By attributing to the coefficients of the extreme form 
> ajjxixj variations 
ej=ej (=1,2,...,n;7=1,2,...,n) 


t See the Mémoire of Mr.’s Korkine and Zolotareff, Sur 
les formes quadratiques [On the quadratic forms], Math- 
ematische Annalen V. VI, p. 368 
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satisfying the condition 
leig| < €, (¢=1,2,...,n;7 =1,2,...,n) (1) 


e being an arbitrary positive parameter, let us examine 
the corresponding value of the function M(a;;). 


On the ground of the definition established, one can 
determine the parameter e such that the inequality 


M(aij + €ij) < M(aij) (2) 


held with condition (1) and so long as the coefficients 
€;; are not proportional to the coefficients 


aij. (@=1,2,...,n;7=1,2,...,n) 


Theorem. For a quadratic form )\aijzizj; to be extreme, 


it is necessary and sufficient that it be perfect and that 
its adjoint form 38 cin; be interior to the domain 


corresponding to the form Yo aij Uir;. 


Let us indicate by 


(tia, lai, os -ytn1), (lia, lea, SA - tne), fea y (lis, las, ee sbins) (3) 


the various representations of the minimum M(a;;) of the 
form )0 ajj;xi2;. 


Let us consider a quadratic form )°(ai; + peij)xix;, 
the parameter p being arbitrary. One can determine an 
interval 

-d<p<6 where O<6<1 (4) 


such that all the representations of the minimum of the 
form )U(aij + peij)viv; are found among the systems (3) 
so long as the variations ¢,; satisfy the condition (1). 


By indicating with 
M' => So (ai; + péig lanl and M= So aijlinl jr (5) 
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the minima of forms )°(ai; + peij) xix; and )la;ij;)z;2; and 
with D' and D their determinants, one will have 


(aig + peij linkin Vici Li aislinljn 


M (aij + peig) = VD! VD 


By virtue of (2), one obtains the inequality 


Di(aizg + peg linlsr 2 » Gijlinljn 
VD! VD 


or, that which comes to the same thing, 
trp! 
iglinl; M —-1]. 6 
P > €ijlinlyn < VD (6) 


This declared, let us suppose that the form )0 a;;x;2; 
be not perfect. 


One will determine in this case the variations €;; such 
that the equalities 


SS esjlinl jr = 0, 
held. By virtue of (6), one will obtain the inequality 
D' =D. 


By developing the determinant D’ into a series, one 
will have the inequality 


OD p? 07D 
PL ei Bg, +g Lehn GG og, TO (7) 


The parameter p being arbitrary satisfying the con- 
dition (4), it is necessary tht 


OD 
29g, =0 


God’s Ayudhya’s Defence, Kit Tyabandha, Ph.D. 7" February, 2007 43 


Monograph Translations Series G. F. Voronoi (1908) 


Mr.’s Korkine and Zolotareff have demonstrated t¢ 
that in this case one will always have the inequality 


S- E85 
EGqe ———— tat > 
? *» Oa;;0Gkh 


therefore the inequality (7) is impossible. 
18 


We have demonstrated that the form y = )lajj2;2; 
has to be perfect. 


Let us suppose that the domain R corresponding to 
the perfect form y be determined by o inequalities 


vr (f)= So ai; >0. (r=1,2,...,¢) 


On the grounds of these inequalities, one will have 


Pe) =). by Gale 20: S12 S12 ne) 
(8) 


Let us declare 


ex; = tps) where t>0. (¢4=1,2,...,n;7=1,2,...,7) 


By virtue of (6), one will have 
n 
- [D' 


Let us attribute to the parameter p a positive value 
satisfying the condition (4), by virtue of (8) and (9) 
there will arrive 

D'>D. 


By developing the determinant D’ into a series, one 
obtains the inequality 


(ry) OD | (pt)? rr) (ry) __ 0? D 
pt>_ Dj; ai; + 5) "3; Pin 0aij0Gkn +...>0. 


t Mathematische Annalen, V. XI, p. 250 
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The positive parameter p being as small as one wish, 
it follows that 


(r) OD = 


It is thus demonstrated that the form Lee xiz;, ad- 
joint to the form y, is interior to the domain R. 


I argue that in this case the perfect form y will be 
extreme. 


By supposing the contrary, let us suppose that the 
inequality 


M (aij + €45) 2M(aij) (10) 
be verified by any one system of variations «;; (¢ = 1,2, 
..n3;j=1,2,...,n) satisfying the condition (1) however 


small the parameter € may be. 
By virtue of (10), one obtains 


n ’ 
Tsitatse > ( (5-2): (k= 1,2,...,8) (11) 


the inequality obtained has to hold whatever may te the 
value of the index k=1,2,...,s. 


By indicating 


n n 
D D 
Nig = ij ( Di 1) +i Vr 


(4=1,2,...,n;7=1,2,...,n) (12) 
let us examine the quadratic form 
Yo(@1, %2,---,2%n) = > (sz + m4) es. (13) 


By virtue of (12) the form go is of determinant D. 


By choosing the parameter ¢ sufficiently small, one 
can suppose that 
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n being a positive parameter as small as one would like. 


By virtue of (5), (11) and (12), one obtains 


S- niglinljr > 0. CRS ey eciye) (15) 


By developing the determinant D of the form (13) 
into series, one will find 


D 
Daag + R,=D. (16) 


0a;; 


In this equality the remainder R2 verifies an inequal- 
ity 
| F2| < "oe, 


P being a positive number not depending on the param- 
eter 7 so long as n <1. 


By virtue of (16), one obtains 


aD|. 
Dwg < 7° P. (17) 


We have suppose that the quadratic form > Sa Lik; 


adjoint to the form y, be interior to the domain R. On 
the ground of that which has been said in Number 13, 
one will determine the form eae x,x; with the help of 


the equality 


OD - 
Fa tits = Dy PEAR (18) 
“J k=1 
where 
pe>O. (K=1,2,...,8) (19) 


The equality (18) can be replaced by the following ones: 


OD _ 


s 
Eel 2, Patintie: (¢@=1,2,...,n;7=1,2,...,n) 
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By multiplying these equations by 7;; and by adding 
up the equalities obtained, one will have 


8 s 
DL nigey = Do Ped niglinlje- (20) 
a k=1 


By virtue of (15), (17) and (19), one obtains the in- 
equalities 


P 


therefore one can admit 
Si nGglaljn— tha: (k= 1,2,...,8) (21) 
and the positive numbers or zeros Ty (kK = 1,2,...,8) will 


not exceed fixed limits which do not depend on the pa- 
rameter 7. 


After the definition of perfect forms, the equations 
(21) admit only a single system of solutions. By effecting 
this solution of equations (21), one obtains 

iS (OS 12t shine He oe) 
where 


Ital < T, (4=1,2,...,n3;7 =1,2,...,n) 


T being a positive number which does not depend on the 
parameter 7; therefore one will have the inequalities 


This stated, let us take any one positive fraction ? 
and declare 


Sap 


By virtue of (14), one will have 


0 ; : 
Inisl < FF (4=1,2,...,n;7 =1,2,...,n) 
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and because of (22), it will become 


go? ; : 
Inigl < F- a i ee a ed ee | 


By admitting 


g2 
Nig < -? 
one will have, because of (22), 
ot 
Inés] < a> (4=1,2,...,n;j =1,2,...,n) 


and so on. 


One will obtain in this manner the inequalities 


92 
Ingl< Rr = 1,2,..., m5 F=1,2,...,.258 = 0,1,2,...) 


it follows that 


ng =O. (@=1,2,...,n;7 =1,2,...,7) 


By virtue of (12), one obtains 


therefore the coefficients €;; are proportional to the co- 
efficients a,j (¢@=1,2,...,n;j =1,2,...,n), which is con- 
trary to the hypothesis. 


Properties of the set of domains corresponding to the 
various perfect forms in n variables. 


Any perfect form gy will be transformed by an equiv- 
alent perfect form y’ with the help of any substitution S 
of integer coefficients and of determinant +1. 


Let us indicate by Rand R’ the domains correspond- 
ing to the perfect forms y and vy’ and by T the substitu- 
tion adjoint to the substitution S. 
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One will easily demonstrate that the domain R will 
be transformed into an equivalent domain R’ with the 
help of the substitution T. 


One concludes that there exists a finite number of 
domains equivalent to the domain R. 


Let us indicate by (R) the set of all the domains cor- 
responding to the various perfect forms in n variables. 


The set (R) can be divided into classes of equivalent 
domains. 


On the ground of that which has been previously 
said, the number of different classes of the set (R) is 
equal to the number of classes of perfect forms in n vari- 
ables. 


Theorem. Let us suppose that a quadratic form f be 
interior to a face P(w) in pw dimensions of the domain 
R (wu =1,2,..., 3t¥). 


The form f will belong only to the domains of the set 
(R) which are contiguous through the face P(p). 


Let us suppose that the domain R be characterised 
by the quadratic form 


AT ABI AG (1) 


and that the face P(yu) in w dimensions of the domain R 
be characterised by the quadratic forms 


Ne aici ih ga (2) 


n(n+1) 
2 


symbol P (a) will indicate the domain R. 


In the case wp = , one will admit t = s, and the 


The quadratic form f being interior to the face P(), 
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one will have the equality 


t 

f (v1, 02,...,0n) = So prrg where p, >O. (K=1,2,...,t) 
k=1 

(3) 


Let us suppose that the same form f belonged to 
another domain R’ of the set (R). 


Let us suppose that the domain R’ be characterised 
by the quadratic forms 


Mi Ae secs Me (4) 


and that the form f be interior to the face P'(v) of the 
domain R' characterised by the quadratic forms 


Shah Vig ome Vaan (5) 


Tv 


One will have, on the ground of the supposition 
made, 


f (v1, @2,---,2n) = >> pA” where p}, > 0. (h=1,2,...,7) 
h=1 


(6) 


This declared, let us indicate by y and y’ the perfect 
forms corresponding to the domains R and R’' and sup- 
pose, for more simplicity, that the minimum of forms 
and y'’ be M. 


By indicating with the symbol (f,f’) the result 
Cf ft’) =S Sagas, 
from two quadratic forms 
Pttises; oa ih aes) = Sa e185 


and 


Ce Clee eee ee eee 


let us examine two results (f,y) and (f,¢’). 
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By virtue of (13), one obtains 


(f,~) = >> pr(e, Az) and (f,¢') = Yo pelo, AR). (7) 
k=1 k=1 


By virtue of (6), one obtains 


(f,~) = >> on (G, An?) and (f,9') = Soo, (y's An”)- (8) 
h=1 h=1 


Let us notice that 
(p, AZ) =M and (9',Az) >M; (kK=1,2,...,8) (9) 


yp, \,°)>M and (y',X,") = M. (h=1,2,...,¢ 10 
h h 
From equalities (7), one derives 
t 
(f,0')-(F,¢) = >> pw [Co's Az) — (ABD), (11) 
k=1 


and by virtue of (3) and (9) there comes 


(f,¢') —(f, ¢) > 0. 


From equalities (8), one derives 
(F,9')- (6,9) = 0 ph [Ce an?) -(@An7)], (12) 
h=1 


and by virtue of (6) and (10), one will have 


(f,9') -—(f,¢) <0. 


It follows that 


(f,¢) =(f,¢), 


God’s Ayudhya’s Defence, Kit Tyabandha, Ph.D. 7" February, 2007 51 


Monograph Translations Series G. F. Voronoi (1908) 


and the equalities (11) and (12) give 
(yA) = (,A%), «= (K = 1,2,..., 4) 
EMS BAe (aT 27) 


By virtue of (9) and (10), there arrive 
(A, aM So cer) (13) 
(g', Z)=M. (k=1,2,...,t) (14) 


By virtue of equalities (13), the quadratic forms (5) 
are found among those of the series (1). By virtue of 
(14), the quadratic forms (2) are found among those of 
the series (4). 


I argue that in this case the series (2) and (5) contain 
the same forms. 


To demonstrate this, let us suppose that all the forms 
belonging to the face P(yu) verify the equations 


Wi(f) =0, Yo(f) =0,..., ¥,(f) =0 


and that any form belonging to the domain R verifies 
the inequalities 


Wilf) 20, Vo(f) 20,..., Ur(f) 20. (15) 


By virtue of (6), one will have 
Phila?) + py Wi(rg?) +... +0504") =0, (6 =1,2,...,7) 
and because of (15), one finds 
WM") =0; (6 ==1,2,...,r;h=1,2,...,7) 
therefore all the forms of the series (5) belong to the 


series (2). 


In the same way, one will demonstrate that all the 
forms of the series (2) belong to the series (5). 


One concludes that the faces P(u) and P'(v) coincide, 
therefore the domains R and R’ are contiguous through 
the face P(p). 
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Corollary. A quadratic form which is interior to a do- 
main of the set (R) can not belong to any other domain 
of that set. 


Theorem. Let us suppose that to a face P() of the do- 
main R belong positive quadratic forms. In this case, the 
number of domains of the set (R) contiguous through the 
face P(p) is finite. 


Let us indicate by 
R, Ri, Re,... 


the domains of the set (R) contiguous through the face 
P(p). Let 


P,P1,P2,--- 


be the corresponding perfect forms having the minimum 
M. 


On the ground of the supposition made, one positive 
quadratic form f will be interior to the face P(p). 


We have demonstrated in the previous number that 


(f,9) = (Ff, 91) = (Ff, 2) =--- (16) 


It is easy to demonstrate that the number of perfect 
forms having the minimum M and verifying the equali- 
ties (16) is finite. 


Algorithm for the search for the domain of the set (R) 


contiguous to another domain by a face in atnti) _ 1 di- 
mensions 


Let 
p(21,2,.--,2n) = Seas 
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be a perfect form having the minimum M the various 
representation of which make up a series 


(tii, lai, tte -yln1), (lia, loa, Si -yln2), py (lis, las, a bye )s (1) 


Let us suppose that a face P of the domain R cor- 
responding to the perfect form y be determined by the 
equation 


w(f)= SS ia; =0 
and by the condition 
w(t) 20 


which is verified by any quadratic form belonging to the 
domain R. 


Let us suppose that the face P be characterised by 
the quadratic forms 


Ais Nawece eae (2) 
where 


Ap =tipgtitlerwat..-tlartn. (kK=1,2,...,8) 


On the ground of the supposition made, one will have 
the equalities 


S pilin =0 (k=1,2,...,t) (3) 


which define the coefficients P;; (i= 1,2,...,n;j = 1,2, 
...,n) to an immediate common factor. 


Let us suppose that the face P could belong to the 
other domains of the set (R). Let us indicate by R’ a 
similar domain. Let y’ be the perfect form corresponding 
to the domain R’. 


By virtue of the supposition made, the quadratic 
form (2) belong to the domains R and R’. It results in 
that the systems 


Cig leis a hoc Ne eee ice on GS, Pavia t ca ah) 
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corresponding to the forms (2) represent the minimum 
of forms ¢ and yg’. 


Let us suppose, for more simplicity, that the forms y 
and gy’ had the minimum M. One will have the equalities 


Saighinlan =M and So ai jlinl jr = M, (k = 1,2,. . agets) (5) 
by putting 


! = ! 
p'(@1,£2,.--,2n) = S a,j; Lj. 


From equation (5), one gets 
YS" (a4; — ag lindgn = 0, (k= 12 3c.25t) 
and by virtue of (3), it becomes 


ai; = aig + Pdi. (¢@=1,2,...,n;7=1,2,...,n) (6) 


Let us indicate 


W(r1,02,...,2n) = pee 


By virtue of (16), one obtains 


y'(£1, £2, ve eat) = p(£1, £2, oe stra + pW (x1, £2, ve -y2n): 
(7) 


This stated, let us choose in the series (1) a system 


(lin, len,.-.., Inn) which does not belong to the series (4). 
As 
p(lin, lon, .--,lnn) = M yp (lin, lan, ---,lnn) > M 
and 
W(lin,len,.--;lnn) > 0, 


one deduces from the equality 
yp’ (lin, lon, Ss ety Inn) = p(lian; lon, © oti renn) +p (lin, lon, ove ye iUnn) 
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the inequality 
p20. 


The supposition p = 0 being obviously impossible, one 
obtains 


p>0, 
and it follows that 
vy’ (lin; lan, sae rlnn) > M. 
Let us indicate by 
CEU Secs PV I I Nees (Id hated) (8) 


all the representations of the minimum of the perfect 
form y’ which are not found in the series (4). By virtue 
of (7), one will have 


Ty ae eee 
oO ic AO) pw te 1 2 AO) 
(k=1,2,...,7r) 
which results in 
p(t) 1), ...,1)) > M and wih ,1,...,1) <0. 
(k=1,2,...,7r) (9) 


The value of the parameter p will have for expression 


ae Egle Ad 


pS ER Rc I Cae fe ee 


Let us examine any one value of the function 


p(£1,£2,..-,L2n)-M (10) 
W (v1, 22,...,Ln) 
determined with the condition 
W(v1,22,..-,2n) <0. (11) 
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I argue that one will have the inequality 


p(@1,02,.--,2n)-M 


>. 
W (v1, 02,...,2Ln) ae 


Let us suppose the contrary. By supposing that 


p(@1,02,.-.,2n)-M 
W (21,22, ene -)2n) 


<P; 


one will find, because of (11), 
p(@1,02,.--,fn) + pV (1,22,...,2n)<M 
or, that which comes to the same thing because of (7), 
yp'(£1,£2,---,2n) <M, 


which is contrary to the hypothesis. 
We have arrived at the following important result: 


There exists only a single domain R' contiguous to the 
domain R through the face P. The corresponding perfect 
form y' will be determined by the equality (7) provided 
that the parameter p presents the smallest positive value 
of the function (10). 


Let us notice that by virtue of (3) and (9), all the 
quadratic forms belonging to the domain R’ verify the 
inequality 

U(f) <0. 


One concludes that the domains R and R’ are found 
from two opposite sides of the plane in aint) _ 4 dimen- 
sions determined by the equation 


w(f) =0. 


The smallest positive value of the function (10) can 
be obtained with the help of operations the number of 
which is finite. 
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The whole problem is reduced to the preliminary stu- 


dy of a system (l1,lo,...,ln) of integers verifying the in- 
equality 
W(l1,1l2,...,In) < O 
and satisfying the condition that the quadratic form 
~o(£1,£2,.--,2n) = (£1, 22,.--,2n) + pol (£1, 2£2,.-.,2n), 
where one has admitted 
p(li,le,...,ln) —-M 
po 
—W (11, 1lo,...,1n) 


be positive. 


One will determine in this case all the systems (21, 
@2,...,2,) of integers verifying the inequality 


p(@1,02,.-.,2n)>M (12) 


the number of which is finite, and one will find among 
these systems all those which define the smallest value 
of the function (10). 


Let us indicate by R, as we have done in Number 2, 
the upper limit of values of the parameter p. 


The problem is reduced to the study of a system 
(li, l2,...,ln) of integers verifying the inequality 


p(li,le,..-,ln) + RUC, le,...,ln) < M. (13) 


It can turn out that the equation 
p(@1,02,.--,€n) + RV (21, 2£2,...,27,) = 0 
will be verified by integers, one will determine them with 
the help of equations 
Op Ow 
R— = 
Ou; ay Ox; 


0. (i=1,2,...,n) 


In the case where these equations can not be verified 
by any one system of integers, one will study the values 
of linear forms 
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and one will determine as many as one wish of the sys- 
tems of integers verifying the inequality (13). 


By supposing that a system of integers (l1,lo,...,ln) 
verifying the inequality (13) were determined, one can 


look for the smallest positive value p of the function (10) 
with the help of the following procedure. 


The inequality (12) can be put under the form 


p(@1,02,...,2n) (1 - 9) + — [p(@1,%2,...,2n)+ 


RW (2x1, 22,...,£n)] <M, 
and as 
p(@1,02,...,0n) + RV (01, 22,...,2n) > 0, 

it becomes 

p(@1,£2,...,2n) (1 — o) <M, 
or differently 

whe <M ‘ 
y(%1, £2, , <n) S$ Reps 


Among the systems of integers verifying this inequal- 
ity one will find all the systems (8) searched for. 


Algorithm for the search for the domain of the set (R) 
to which belongs an arbitrary positive quadratic form. 


Theorem. Any positive quadratic form belongs to 
at least one domain of the set (R). 


Let 
f(@1,22,...,2n) = Segre, 


be any one positive quadratic form. 


Let us choose any one domain R from the set (R). 
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Let us suppose that the form f, did not belong to 
the domain (R). 


In that case all the linear inequalities which defined 
the domain R will not be verified. Let us suppose that 
one had the inequality 


Uf) => piuag <0. (1) 


Let us indicate by R, the domain contiguous to the 


domain R through the face in n(n ti) —1 dimensions de- 
termined by the equation 
W(f) =0. 


By indicating with » and gy the contiguous perfect 
forms corresponding to the domains R and R,, one will 
have, as we have seen in Number 22, 


P1(£1,£2,---,En) = (41, £2,-..,2n) + p¥ (£1, £2,...,2n) 


(2) 


where p >O and W(a#1,%2,...,2n) =) dij Lix;- 


Let us examine two results (f,y) and (f,y1). By 
virtue of (2), one will have 


(f, 91) = (f,9) + e(f,¥%), 
and as, because of (1), 
(f, v= SS) pijais <0, 
it becomes 


(f,%) > (f,91)- 


Let us suppose that by proceeding in this manner 
one obtains a series of domains 


R, Ri, Re,.... (3) 


By indicating with 
PrP1,P2.--- (4) 
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the series of corresponding perfect forms, one will have 
the inequalities 


(f,~) > (Ff, 1) > (f,92) > 


so long as the form f did not belong to the domains (3). 


By noticing that all the perfect forms (4) possess the 
same minimum M, one will easily demonstrate that the 
number of perfect forms (4) verifying the integrality 


(f,9) <P 


is bounded, whatever may be the value of the positive 
parameter P. 


One concludes that the series of domains (3) will 
necessarily be terminated by a domain R,, to which be- 
longed the form f considered. 


Study of a complete system of domains representing 
the various classes of the set (R). 


Let R be any one domain of the set (R). Let us sup- 
pose that one had determined all the domains 


R,Ri, Ro,..., Ro (1) 


contiguous to the domain R through the various faces in 
n(n) _ 1 dimensions, then let us suppose that one had 
determined all the domains contiguous to the domains 
(1) and so on. 


I say that by proceeding in this manner one will come 
across any domain of the set (R) arbitrarily chosen. 


For example, if one wish to arrive at a domain R), 
one will choose a positive quadratic form f which is inte- 
rior to the domain R®) and one will proceed as we have 
done in Number 24. One will determine this way a series 
of domains 

R,R',R",...,R, R© 
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which are successively contiguous through faces in n(n) 
—1 dimensions. 


We have seen in Number 19 that the set (R) can be 
divided into classes of equivalent domains the number of 
which is finite. 


Let us find a system of domains representing the var- 
ious classes of the set (R). 


By starting from the domain R, we have determined 
all the domains 
Ri, Re,...,Ro 


contiguous to the domain R. By not considering equiva- 
lent domains as being different, let us choose among the 
domain (1) those which are not one to one equivalent 
and are not equivalent to the domain R. Let us suppose 
that one had obtained the series 


R, Ri, Ro,..., Ry-1 (2) 


of domains which are not one to one equivalent. 


One will study in the same way the domains contigu- 
ous to the domains R, Ri, Re,...,Ry,-1 and one will extend 
the series (2) by adding to it new domains 


Ry, Ryuti, Seg Ru-1 


which are not one to one equivalent and are not equiva- 
lent to the domains (2). 


By proceeding in this way, one will always obtain a 
series 


R, Ri, Rayss ey Rea (3) 


which enjoys the following property: the domain belong- 
ing to the series (3) are not one to one equivalent and 
all the domains contiguous to the domains (3) are equiv- 
alent to them. 


The series (3) obtained presents a complete system 
of representations of various classes of the set (R). 
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The study of the series (3) can be facilitated partic- 
ularly by the help of substitutions which transform into 
itself the domains of the set (R). 


Let us suppose that the domain R corresponding to 
a perfect form y be determined by the inequalities 


So ag 20, (RRO cage) 


By declaring 


ig (£5, BI ugn)— Dee Beh js (k=1,2,...,0) 


one will determine, as we have seen in Number 22, by 
the equalities 


o perfect forms 91,92,...,;9¢- One will call them con- 
tiguous to the perfect form ». 


Let us indicate by g the group of substitutions which 
do not change the perfect form ». 


The perfect forms 91, ~2,...,~¢ being well determin- 
ed by the perfect form y, one concludes that all the sub- 
stitutions of the group g will only permute the forms 
Pi, P2,+++> Poa: 


By not considering as different the forms in propor- 
tional coefficients, one can say, by virtue of (4), that the 
group g will only permute the quadratic forms 


G1, V2,..., U5. (5) 


Let us suppose that one had chosen in this series the 
forms 
Wi, VYa2,..., yi (6) 


which enjoyed the following properties: each form of the 
series (5) will be transformed into a form of the series (6) 
with the help of a substitution belonging to the group 
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g, the forms (6) can not be transformed one to one with 
the help of substitutions of the group g. 


The perfect forms 


can replace the perfect forms (4), therefore one will de- 
termine only the values of parameters 1, p2,..-, Py-1- 


The corresponding domains 
Ri, Re,...,Ry-1 
can replace the domains (1). 
It can come to pass that among the domains R, Ri, Ro, 


...,Ry-1 are found equivalent domains, one will recognise 
this with the help of particular methods. 


On a reduction method of positive quadratic forms. 


Definition. One will call reduced any positive quadratic 
form belonging to any one domain 


Ry Ry, Ron ky Re (1) 


of a complete system of representations of various classes 
of the set (R). 


Let us suppose that one had determined all the sub- 
stitutions 


$1,S2,.--)Sm (2) 


which transform the domains contiguous with the do- 
mains (1) through the faces in n(nti)y 4 dimensions into 
these domains here. 


Let f be any one positive quadratic form which is 
not reduced. One will determine with the help of the 
algorithm shown in Number 24 a series of domains 


R, R',R",...,R™ 
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successively contiguous. Let us suppose that the domain 
R‘”) be the first one which does not belong to the series 


(1). 


With the help of a substitution S’ which is found 
among those of the series (2), one will transform the 
domain R‘) into a domain R, belonging to the series 


one 


By transforming the form f with the help of the sub- 
stitution S’ into an equivalent form f', one will determine 
with the help of the form f' a new series of domains 


t 
Ris Rios Re 


and so on. 


One will determine in this way a series of substitu- 
tions 
S St. ee SO) 


which, all, are found among those of the series (2) and 
the product 
S=s's"...gO™ 


of which presents a substitution S with the help of which 
the form f will be transformed into a reduced form. 


Let us suppose now that two reduced forms f and f' 
be equivalent. 


If one of these forms, for example f, is interior to the 
domain R,, the form f' will also be interior to it. One 
concludes that the form f can be transformed into a form 
f' only with the help of a substitution which transforms 
the domain Ry, into itself. 


Let us suppose that the reduced equivalent forms f 
and f' be interior to the faces in w dimensions of domains 


(1). 


In this case one will declare supplementary condi- 
tions for the reduced forms f and f’. After having de- 
termined all the faces in w dimensions of domains (1), 
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one will choose a complete system of representatives of 
these various classes. Let us suppose that this system 
be formed by the faces in w dimensions 


Pi(p), Po(h),.--, Pr (ph). (3) 


Any positive quadratic form which is interior to a 
face in » dimensions of a domain of the set (R) will be 
equivalent to a form which is interior to the faces (3), 
one will call it reduced. 


Two reduced positive quadratic forms which are in- 
terior to the faces (3) will be equivalent only provided 
that they be interior to the same face and that the sub- 
stitution which transforms one of them into another one 
also transforms this face into itself. 


We have arrived at the following result: 


A reduced quadratic form can be transformed into an- 
other reduced form or into itself only with the help of a 
substitution which transforms into itself a domain or a 
face of domains belonging to the series (1). 


Second Part 


Some applications 
of the general theory 
to the study of 


perfect quadratic forms 


On the principal perfect form 


We will not consider as different the quadratic forms 
of proportional coefficients, therefore one can arbitrarily 
choose the minimum value of a positive quadratic form. 


In that which follows, one will study only the perfect 
quadratic forms whose minimum is 1. One will indicate 
by D the determinant of these forms. 
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Among the various perfect forms, one form 


pa=urtatt...¢02 + aize+01¢3+...+2n-100t 


where 
ay=1, (¢@=1,2,...,n), 
‘ee ; ; ; 
aij = > (4=1,2,...,n;7=1,2,...,n;t #7) 
and 1 
pss 
Qn 


One will call principal the perfect form y. 


The perfect form y possesses atari) representations 


of the minimum 1, which define n(nth) linear forms 
A1 = 1, A2 = £2,---, 


An = @n, Anti = 1-22, Anto = @1—-3,..., 


Ant = Ln-1—-Ln.- 
— 


The domain R corresponding to the perfect form oy 
is made up of all the quadratic forms determined by the 
equality 


n(n+1) 
La 
yaaa; = S- prrz where Pk > 0. 
k=1 
n(in+1 
(k= 1,2, a 
From this equality one obtains 
Pe= Qik +@oar+...+@nz~ so long as Kk=1,2,...,n, 
pr =—a;; so longas k>n; 


The form » has been given for the first time by Zolot- 
areff in a Mémoire titled: On an indeterminate equation 
of the third degree (in Russian) 
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(6=1,2,...,n;7 =1,2,...,n;i#J) 


therefore the domain R will be determined by the fol- 
lowing inequalities: 


Qik t@or+...+@nz > 0, (k= 1,2,...,n) (1) 
—-ayj>0. (¢=1,2,...,n;7 =1,2,...,n;i# J) 
By virtue of (1), the perfect form y possesses n(n) 


contiguous perfect forms which are determined by the 
equalities 


Pr=PH+ PrEn(£1,02,---,2n), (K=1,2,...,n) 
n(in+1 
Pr =P — PRLIiZ;; (e=n4in42,...,.7eFd), (2) 
(¢=1,2,...,n;7 =1,2,...,n;i# 3) 


Let us find equivalent forms among the perfect forms 
contiguous to the perfect form ¢. 


To this effect, let us determine the group g of sub- 
stitutions which do not change the form ¢. 


Let us examine, in the first place, the form adjoint 
to the form ¢. 


One will easily demonstrate that the coefficients of 
the form adjoint to y are proportional to those of the 
form 

w= AtAZ+-.- + Mtv: (3) 


One concludes, by virtue of the theorem of Number 
17, that the principal perfect form y is extreme. 


The quadratic form w will have for expression 
w= nxt + nx2 +... + nx2 — 24122 —241%3—...-—22n_12y 


where 
ayi=n, (t=1,2,...,n) ay =i. 
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Let us find all the representations of the minimum 
of the form w. 


The linear forms 


@1,02,---,2n,ittet...+ ary (4) 


characterise n+ 1 representations of the value n of the 
form w. 


I say that the form w has the minimum n and all 
the representations of the minimum of the form w are 
characterised by the linear form (4). 


To demonstrate this, let us examine any one value 
w(£1,02,-.., £n) of the form w. By supposing that none 
of the numbers 21,22,...,2%, becomes zero, one will have 
by virtue of (13) 

w(@1,22,...,L2n) >, 


the system 2, = 1, z2=1,...,@2, = 1 being excluded. 


Let us suppose that any one of the numbers 21, %2,..., 
£Z, does not cancel out and that 


fet1=—O0, Ley2=—0,..., Fp =O; 
one obtains, by virtue of (3), 
wW(@1,02,---,@%,0,...,0) = 
(n-k+1)(ei +03 +...4+0%) +> (ee-2n)?’, 
and it follows that 
w(£1,00,.--,&n) >k(n-k+1), 
therefore 
W(£1,%2,-.-,2n) >n solongas k>2. 
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This stated, let us indicate by G the group of sub- 
stitutions which transform into itself the domain R. By 
virtue of (3), any substitution of the group G does not 
change the form w. 


The group g being adjoint to the group G, one con- 
cludes that each substitution of the group g will only 
permute te linear forms (4) by changing the sign of a 
few among them. 


By noticing that 


ee t+azt+...ta24+(¢1+22+...+2n)? = 29, 


one concludes that the group g is composed of all the 
substitutions which permute the forms 


ee +ae+...ta2+(a1tae2t+...+2n)?. 


Let us indicate 


Lo = —-@1—-@2-...-f, and my =—-2,—-a25-...-2',, (5) 
and let ko,ki,...,kn be any one permutation of numbers 
0,1,2,...,n. 

By posing 
eS ee, where ep = £1). (= 0,4, 2322.57). (6) 


one will have 
Lottit...+ on = cox, + eiv,, +--+ en& ks 
and as, because of (5), 
Lo=ait+...+4,=0 and «p,24,...,2,,=0, 


it is necessary that 


therefore the equalities (6) reduce to the one here: 


Ey S eee. (4=0,1,2,...,n;e= +1) (7) 
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The number of substitutions defined by the formulae 
obtained is equal to 2-1-2---(n+1). By not considering as 
different two substitutions of opposite coefficients, one 
will say that the group g is composed of (n,)! different 
substitutions. § 


With the help of substitutions (7), one can transform 
any perfect form (2) contiguous to the principal form ¢ 
into another form contiguous to the form ¢, arbitrarily 
chosen. 


We have arrived at the following important result. 


All the perfect forms contiguous to the principal per- 
fect form are equivalent. 


Let us choose one form among those of the series (2). 
Let us declare 
P1 = PP PL1L2. 


All the perfect form contiguous to the form @ are 
equivalent to the form ¢1. 


Let us find the corresponding value of the parameter 


As we have seen in Number 22, the value searched 
for of p presents the smallest value of the function 


cece -1 
P(Pi Fas ,En) (8) 
1%2 


determined with condition 


£1xz2 > 0. 


One will distinguish in the subsequent studies two 
cases: 
1).n=2 and 2). n>3. 


§ See: Minkowski, Zur Theorie der positiven quadratis- 
chen Formen [On the theory of the positive quadratic 
forms], (This Journal, V. 101, p. 200) 
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First case: 

By comparing two n= 2 binary forms 

=e? 2 mere 2 
gpSe=ait+est+@izg and g1=—2{7+%54+ £142 —-priza2, 


one will notice that by making p = 2 one obtains the 
form 


4 2 
1 = @{~+2Q-2122 


which is evidently equivalent to the perfect form gy, 
therefore the perfect form 1 is that which one has 
searched for. 


Second case: 
By making 
g1=1, v2 =1, 3 =-1, r4=0,..., tn = O,7 


one obtains a value of the function (8) which is equal to 
1. 


By making p=1, one will present the form ¢; under 
the following form: 


1 
$1 = 5 [(#1,82,..-,@n)* + (w1-@2)* +a3+...4+ 27]. (9) 


It results in that the form 1 is positive. On the 
ground of that which has been said in Number 23, one 
will find now all the systems of integers verifying the 
inequality 

yi(£1, £2, oa -)2n) < 1. 


By noticing that the inequality 
Y1(£1, £2,..-,2n) <1 
is impossible, because the positive form y, has integer 
values which corresponds to the integer values of vari- 


ables, one concludes that the form 1 is perfect. 
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With the help of the equality (9), one will easily de- 
termine all the presentations of the minimum of the per- 
fect form 1. 


On the binary and ternary perfect forms and on the 
domains which correspond to them. 


The binary principal perfect form 


3 
ypS=eteot+tyty2, D=— 


4 

possesses, as we have seen in Number 29, three contigu- 
ous perfect forms which are equivalent to the principal 
form. 


One concludes that all the perfect binary forms con- 
stitute only a single class of forms equivalent to the prin- 
cipal form. 


The domain R corresponding to the principal form is 
made up of binary forms (a,b,c) which are determined 
by the equality 


ax? + 2bay + cy? = px* + p'y? + p"(x—y)? 


where 
p20, p'>0, p">0 


It follows that the domain R is determined by the 
inequalities 


By calling reduced the positive binary forms verify- 
ing these inequalities, as we have done in Number 27, one 
will establish a well known method of reduction, due to 
Mr. Selling. f 


4 Selling. Uber die bin&’ren und terna’ren quadratis- 
chen Formen. [On the binary and ternary quadratic 
forms] (This Journal, V. 77, p. 143) 
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It results in that the domain R° is determined by the 
inequalities 


p=c-a>0, p'=a+2b>0, p”=-bdb>0. 


The inequalities obtained only differ from famous 
conditions of reduction of positive binary quadratic fo- 
rms due to Lagrange by the choice of the sign of the 
coefficient b, that which one can arbitrarily make in the 
method of Lagrange. { 


Let us examine now the ternary perfect forms. 


The principal perfect form 


1 


gatety +2?t+yzt2zrt+ay, D=Z 


possesses six contiguous perfect forms which, all, are 
equivalent to the perfect form 


gi =toty?+22?+yz4+ 20 


which we have found in Number 31. 


The substitution 
e=-2',ysy',2=-y—2! 


transforms the form y, into principal form. 


One concludes that all the ternary perfect forms form 
only a single class. 


t See: Lagrange. Recherches d’Arithmétique. [Studies 
in arithmetic] (Oeuvres de Lagrange published by Serret, 
V. III, p. 698) 


Gauss. Disquisitiones arithmeticae, art. 171. (Werke, 
Vv. I.) 


Lejeune Dirichlet. Vorlesungen tiber Zahlentheorie [Lec- 
tures on number theory], published by Dedekind, (Brau- 
nschweig 1894, §64, p. 155) 
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The domain R corresponding to the principal form is 
made up of all the ternary quadratic forms 


a a’ q" 
6 b! 1) 
which are determined by the equality 
az* +a'y? + a"z2?7 4+ Qbyz+ 2b'za 4 2b" cy = 


p+ p2y? + p3z* + pa(y—2z)* +ps5(z-2)* + pe(z-y)?. 


The domain R is determined by the inequalities 
pi=atob'+b">0, 


p2=a'+b"+b>0, 
pg =a" +b+b'>0, 


pa = —b>0, 
Ps = —b'>0, 
po = —b" > 0. 


By calling reduced the positive ternary quadratic fo- 
rms belonging to the domain R, one will establish a 
method of reduction due to Mr. Selling. 


The domain R can be partitioned into 24 equivalent 
parts which can be transformed one into another with 
the help of 24 substitution adjoined to those which do 
not change the principal form. 


One of these parts, the domain FR, will be composed 
of all the ternary quadratic forms determined by the 
equality 


az? +a'y?+a"z7 + 2byz + 2b'zx 4+ 2b"rzy = 


pit? + poy? + p3z* + pa(y— 2)? + ps + pyew 


where 


Wax? +y? + 272(y—2z)? + (2-2), 
warty? t+ 22(y—z)?+ (2-2)? + (2-y)’. 
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One will determine the domain Rk with the help of 
inequalities 
pi =a+2d'+b">0, 


p2=a'+b+b'+b">0, 
p3 =a" +b+5b'4 6" >0, 
pa=—b+0'>0, 
Ps = —b'+ b" > 0, 


po = —b" > 0. 


The domain R enjoys the following properties: 


1. Any positive ternary quadratic form is equivalent 
to at least one form belonging to the domain R. 


2. Two ternary quadratic forms which are interior to 
the domain R can not be equivalent. 


By effecting the transformation of the domain R with 
the help of all the substitutions of integer coefficients 
and of determinant +1, one will make up the set (R) of 
domains. 


Each domain R belonging to the set (R) possesses six 
domain contiguous by faces in 5 dimensions. 


The domain FR will be transformed into contiguous 
domain with the help of the following substitutions: 


—1 0 1 
S;={0O -1 1], 

6) 6) 1 

Oo 1 -1 
S2= 1 0) -1 ) 

0 O -1 

Oo -1 1 
S3= O —1 0) ) 

1 -1 0 
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0 -1 O 
Ss={(-1 0 Oj], 
0 oO -1 
-1 0 0 
Sa} a 0 <a ]4 
0 -1 O 
-1 0 O 
kp (0 a 
Oe 09 2h 


Each substitution of this series transforms into it- 
self a corresponding face in 5 dimensions of the domain 
R and permutes two domains of the set (R) which are 
contiguous through this face. 


This results in a method for the search for the sub- 
stitution which transforms a given form into a form be- 
longing to the domain Rk. This method is analogous to 
that which has been shown in Number 27. 


By calling reduced any positive ternary quadratic 
form belonging to the domain R, one will establish a 
new method of reduction of positive ternary quadratic 
forms which can be considered as a generalisation of the 
method of reduction of Lagrange. 


On the perfect form c37+22+...+ 42 + 4123+ "124+ 
16. t2n_12n- 


Let us examine the perfect form 
pr=aitagt+...ta2+aiz3+zitat...+2n-12n 
obtained in Number 31. One has admitted 


: 1 
a4=1, @=1,2,...,n), ai2=0, Oi > 5: 
(¢=1,2,...,.n;j7=1,2,...,n;t#7) 


It results in that 


1 
= Qn-2° 


D 
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By supposing that n> 4, one will have n?— n repre- 
sentations of the minimum of the form ¢; the number of 
which is greater than aint). 


These representations of the minimum of the form ¢1 
will be characterised by the linear forms 


At = 21,A2 = £2,..-,An=2n; 
An+1 = L1— L3B,--+5 
nine) 4 = ZLn-1 Fn, X minty = 1 + LA— LZ +++,5 


(1) 


AnOH) png =24,1+22-2n, 


Ant) 42 = 1 + L2—-L23—-L4,.-.-, 


An2—-n = £1 + ©2- £n-1- £n- 


The domain R, corresponding to the perfect form 
is made up of forms determined by the equality 


2 


f (11, %2,...,0n) = > prAZ where px > 0. 
k=1 
(k =1,2,...,[n?—n)]) 


Let us find the linear inequalities which define the 
domain R,. 


The number of these inequalities is so large in deed 
for n= 4. 


One will overcome the difficulties which result by the 
help of a particular method. 
35 


Let us find the group gi of substitutions which do 
not change the form ¢}. 


To this effect, let us introduce in our studies a quad- 
ratic form w determined by the equality 


2 
w= OT + AR +. + Xen): 
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After the reductions, one obtains 


w(£1,02,...,2n) =nert+nez+4e24+... 
+ 4x2 + 2(n—-2)a122-42123-... 
—4212n —420%3—...-4202rn. 


One can give in the form w2 the following expression: 


w(21,02,...,%,) =(a1— 22)? + (a1 4+ 22)?+ 
(21 + 22 — 223)? + wae + (21 + 22 —2z,,)?. 


It is easy to demonstrate that the form added to the 
perfect form y; has coefficients which are proportional 
to those of the form w. 


It follows that the perfect form yi is extreme. 


Let us observe that the linear form 


Ziteeat...+ fn, ©1—L2, £3, L4,.--, Ln 
characterise n minimum 4 representations of the form w. 
In the case n>5, other representations of the minimum 


of the form w do not exist; in the case n = 4, one obtains 
12 representations of the minimum of the form w. 


By noticing that 


1 
91 = 5 [(titaet...+2n)? + (w1-22)*+a3+...+ 27], 


one can say that the group gi, in the case n>5, is com- 
posed of all the permutations of the forms 


(aitaet...+2n)*, (v1-22)?, 23,..., 22. 
In the case n = 4, one will determine by this method 
only divisor of the group gi. 
By indicating 
U=aiter7t...t+an, 
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U2 = 1-22, 


U3 = @3,-+--,Un =— Fn, 
ee | ! ! 
Uy = 2, + 2ot+.-.-.+ 2), 
a ! ! 
Ug = 21 £2, 
—s I | en ! 
Uz = &3, »U, =F, 
let us declare 
—_ . ! ews 
Ug Segue, eS, 2552 45%) (2) 
where e; = +1 ({=1,2,...,n) and the indices ki,ko,..., ky 
present any one permutation of numbers 1,2,...,n. 


Each system of equalities (2) defines a substitution 


of the group gi. 


One concludes that the group gi is composed of - 


2” -1n! different substitutions, in the case n> 5. 


36 


Let us suppose that the domain R, be determined by 


the inequalities 


yp aS On ST, Oy sg0) 


By indicating 


Wi, ( #1, ©2,...,0n) = > ph) wis, (k=1,2,...,¢0) 


one will determine, as we have seen in Number 22, o 
perfect forms 


oe) = 9, + pr¥, (k=1,2,...,0) (3) 


contiguous to the perfect form ¢1. 


All the substitutions of the group gi will make only 


one permutation of forms 


80 


U1, Uo,..., U5. (4) 
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Let us effect the transformation of forms (3) and (4) 
with the help of the substitution 


! ! ! 
L1,02,.--,Ln = 21, V1 -LQ— Cy, 3 = £3,..., lh = 2,. (5) 


The series (4) will be transformed into a series 


! ! ! 
1) eee. ee 


Let us indicate by g a group of substitutions 


BOS Ce at) Sa ely) 
where e = +1 (§= 1,2,...,n) and ki,ko,...,kn present a 
permutation of numbers 1,2,...,n. Each substitution of 


the group g makes only one permutation of forms (6), 
and to a similar substitution corresponds a substitution 
of the group 4q1. 
By indicating 
k 
Uri porei te) = Po ees. (= Tis.) 
one will determine with the help of inequalities 
k 
SPS esas Uy: eS Ay 22,0) (7) 


a domain FR. 


The form ¢; will be transformed into a form 


1 2 2 2 
5 (ri Eg base aes) 


with the help of the substitution (5), and any system 

(£1, 02,...,@,) Of integers £1,%2,...,%, will be replaced 

by asystem (2},25,...,2),) of number, also integer, x4, 24, 
., v1, satisfying the condition 


vey teg+...+ 2), =0(mod 2). (8) 
It results in that the linear forms (1) which corre- 


spond to the various representations of the minimum of 
the form yi will be replaced by the forms 


fe, anda, oe, (1,/2).2.4ig = dy eye) 
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which characterise the various representations of the m- 


inimum 2 of the quadratic form zi? + xl? t+... ge in 
the set (X') of all the systems (2},25,...,2',) of integers 
v,25,...,21, satisfying the condition (8). 


One concludes that the edges of the domain FR will 
be characterised by the quadratic form 


(e,+25)? and (a#,-2')?. 


(6=1,2,...,n;7 =1,2,...,n;i#3) 


By virtue of (7), one obtains the inequalities 
PP oP PHS 0 aud (Pl HOP se PO So. 


(K=1,2,...,0;4=1,2,...,n;7 =1,2,...,n;t# 7) 


(9) 
Let us examine any one form 
W' (24, 29,...,0n) = Do) Pirie (10) 


belonging to the series (6). By virtue of (9), one will 
have 


Pi + 2P;; + Pj; > O and Pi = 2P;; + ray > QO. 
(4=1,2,....n;57 =1,2,...,n;t #7) (11) 
Among these conditions one will find t quantities 
which define the coefficients of the form (10) to an im- 
mediate common factor. All these equalities will be of 


the form 


Prr—- 2eprnPrn + Pan = 0 where Crp = +1. (12) 


Let us suppose that there exists a combination of 
values of k and h satisfying the conditions 


Pre + 2Prn+ Phan > O and Pry —-—2Pen + Pha > O. (13) 
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By noticing that the coefficient Py, does not enter 
the other inequalities (11), one concludes that the coef- 
ficient Py, remains undetermined. 


For all the coefficients of the form (10) to be deter- 
mined by the conditions (12) to an immediate common 
factor, it is necessary, the coefficient P,, being indepen- 
dent of other coefficients, that all the coefficients which 
remain cancel out. 


By virtue of inequalities (13), this supposition is im- 
possible, therefore the inequality (12) has to hold for all 
the values of indices k and h. 


n(n—1) 
2 


One obtains conditions 


Prk — 2ern Pern + Pha = 0 where Ckh = +1. 
(K=1,2,...,n;h=1,2,...,n;k#h) (14) 


which serve to determine the coefficients Py, in functions 
of coefficients 
Pi1, Po2,..., Pan. (15) 


The coefficients P11, P22,...,Pnn can not be indepen- 
dent, and will be connected by at least n—1 equations of 
the form (12). Therefore, in at least n-—1 case, one will 
have the equations of the form 


Prrt2Pren + Pan = 0. (16) 


To make short we will call these equations double. 


This stated, let us suppose, in the first place, that 
there exists at least one coefficient among those of the 
series (15) which does not enter in the double equations 
(16). One can suppose, to fix the ideas, that Pi, be such 
a coefficient. 


The coefficient P,,; being independent, all the coeffi- 
cients Po2, ...,Pnn will cancel each other and, by virtue 
of (14), the coefficients 


P23, Poa,..-, Pr—i,)n 
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will also cancel one another out. 

The coefficient P,,; is used for determining the coef- 
ficients Pio, Pi3,..., Pin with the help of equations (14) 
which take the form 

Pi, —2eiz¢ Pig = 0; (4 = 2,3,.2.47) 


it follows that 


2Pin =err Pir. (kK =2,3,...,n) 


As, on the ground of the supposition made, 
Pypt2eunPizx > 0, (kK =2,3,...,7) 


it is necessary that 
Pii > 0, 


and one can declare 
Pi, = 1. 
The form (10) is determined by the equalities ob- 
tained, and one will have 


2 
W' (v1, 25,...,0,) =x, terrier, t+...+einex,. (17) 


By replacing the variables 


! ! ! 
€12%9, €13%3,---, Cinly 
by the variables x4,...,z/,, one will replace the form (17) 
by the form 
! ! ! ! at ! ! ! ! 
wv (21,22, aa 7tr) =a 24 (£4, 25, oe 14 By): 


Let us suppose, in the second place, that all the co- 
efficients (15) enter in the double equations (16). 
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At least one of the coefficients (15) is not zero. Let 


us suppose that Py, # 0. Following the hypothesis, the 
coefficient Py, enters in at least one double equation 


Prr+2Prn + Pan = 0. 


It follows that 
Prr =O and Prr+ Par = 0, 


therefore the coefficients Py, and Pr, are of opposite 
signs. Let us suppose, to fix the ideas, that 


Py,=-1. (18) 


By examining the inequalities 


Pi, +2Pi,+ Pkk > 0, (k = 2,3,...,n) 


one deduces 


Pkk>O. (k=2,3,...,n) 


It results in that the double equation 


Prr+2Prrn+ Pan = 0 


has to be impossible so long as k>2 and h> 2, therefore 
all the double equations will be of the form 


Py, +2Pi,+ Pe, = O. (k= 2,3,... 


From these equations one gets, by virtue of (18), 


Py, = 1 and Pi, = 0. (k = 2,3,...,n) (19) 


By substituting the values obtained of coefficients 
P11, Po2,..., Pun in the equations 


Pre—- 2eenPen + Pan =O where ex, = +1, 
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(k= 2,3,...,n;h=2,3,...,n;k#h) 


one obtains, because of (19), 


Pen =ern where erp = +1. 


(k= 2,3,...,n;h=2,3,...,n;k#h) 


The form (10) will have for expression 


tt ! ry _ 12 12 12 
W'(£1,02,---52n) =-21 + oo + 2374+... 
12 at at 
+2, + 2€23%o03 + 2eq4%o%,+... (20) 
I I 
at 2€n—-1,n0__10'y 
where 
€23 = +1, €24 = mee Be seey En-i1yn = zo 
; ; ; (n=1)(m-2) 
One obtains in this way 2 2 different forms. By 


permuting the variables and by changing their signs, one 
will particularly decrease the number of various forms 
determined by the formula (20). 


With the help of results obtained, one can easily 
recognise whether a given quadratic form )\a,;x;x2; be- 
longs to the domain FR or not. 


One will examine, in the first place, the sums 


C1kGik + C2nGor +---+ Cnk@nk 


where Clk = +1, €2% = el ee -+5€nk = +1 and C€kk = 1. (k = 
12s seg td) 


All these sums have to be positive or zero. The in- 
equalities 
Ake —|@1e|—--- —|@e—-1,%| — |@k41,4| —---—|@nz| > 0, 
(k=1,2,...,n) (21) 


present the conditions necessary and sufficient for the 
inequalities 


€1kG1k + €2nGar +... + Enk@nk =O 
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to hold. 


Let us examine, in the second place, the inequalities 
—Q11 + G22 + O33 + .-- + Onn + 2€23G23 + 2e24Q24 +... 


+2€n-1,nAn-1,n > 0 


where 


fay) 
i) 
w 
II 
H 
BH 


e244 = +1, seey En-i1yn = +1, 


These inequalities can be replaced by a single one 


—A11 + @e2+ 433+... + 4nn — 2|a23|—2lao4|—...-—2|an_1,n| > 0. 


One will present this inequality under the form 
Q@11 + a22+...+ nn — 2|a12| — 2lai3|—... — 2|an—1,n| 


> 2 (a11 = |ai2| Fat ns SS |@in|) : 


By permuting the variables, one obtains n inequali- 
ties 


G11 + Go2+...+4nn — 2|a12| — 2)ai3|—.-.-— 2/an_i,n| 


> 2 (a@xen —|@ixn| —---—|@nz|) wherek = 1,2,...,n 
(22) 


We have arrived at the following result. One can 
easily recognise whether a given positive quadratic form 
f belong to the domain FR, or not. To this effect, one will 
transform the form f by a form f’ with the help of the 
substitution adjoint to the substitution (5) and one will 
examine 2n inequalities (21) and (22). For the form f to 
belong to the domain Rj, it is necessary and sufficient 
that the form f' verifies 2n inequalities (21) and (22). 


Let us return now to the perfect forms (3) contiguous 
to the perfect form yi. We have seen that these forms 
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will be transformed with the help of the substitution (5) 
into forms 


1 2 2 2 
5 (#1 Hee eg oe, \ + pe Ve (wh, 2a)- +52): 


The forms 1, U5,..., U, can be transformed with the 


help of substitutions belonging to the group g into forms 


2). 
12 12 12 1 2 toe 23 
—-@ +2, +23 +...>¢ 2, —2212%3-... (23) 
! ! ! ! ! ! 
— 2242, + 2€34%304 +... + 2€n-1,n2y_12 yp, 
where 
e334 = zal seen En-1yn = +1. 


The inverse substitution to the substitution (5): 


y= ei oe ee PPh Os KH Or H= 9; VHS, TS BA 
will transform the forms (23) into forms 
1). — 22123 
2). A(@1@2 —6340304-. 372 — 6n-1,nEn-18n), 
where; 634 = Oorl,...,dn-1,.n =Oorl. 


One concludes that all the perfect forms contiguous 
to the form 1 are equivalent to the following perfect 


forms 
1).~1-pxizs, 
2).~1 + p(€1%2 — 6340304 —...—On-1,nE2n-18n), 
where 
634 = Oorl,..., dn-1n =Oorl. 


Study of the perfect form 1 — p4#123. 
39 
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The perfect form y1, possesses, as we have seen in 
Number 38, many contiguous perfect forms which are 
not equivalent. 


One will determine in the following only a single per- 
fect form 
P2= 1 — pl14%3 


contiguous to the perfect form 1. 


We have demonstrated in Number 22 that the pa- 
rameter p presents the smallest value of the function 


Atiet ai ea) (1) 
L123 


p= 
determined on condition that 


2123 > 0. (2) 


By declaring 
2,=1, 42=0, 3 =1, 44=-1,245=0,...,2,=0, 


one obtains the value of the function (1) which is equal 
to 1, therefore 
O<p<tl. (3) 


Let us effect the transformation of the function (1) 
with the help of the substitution 
S725; 
—t1+%2= 29, 
titetet...+ 4, =-23, 
CCS ona Te (4) 
one will have 


2 2 2 
_ ey + 2 fai, -2 


— ee 5 
-a (27, +e5+...4+ 24) (5) 


where, because of (2), 
w(e,+ae,+...+2,,) <0 (6) 
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and, because of (4), 

ve, taeot+...+ 2), =0(mod 2), 
the variables zc, +25,+...+2/, being integers. 


Let us indicate 


f (21, @2,...,¢n) = eitas+...te2+pri(titzet...t+2n). 


By virtue of (5) and (6) the value looked for of p is 
defined by the conditions that the inequality 


f(@1,@2,...,2n) <2 
is impossible, so long as the integers 21, 42,...,2%n verify 
the congruence 
titeet+...+a2n, =0(mod 2), (7) 
and that there exists at least one system (l1,lo,...,ln) 


verifying the equation 
SCL e pene ee eae (8) 


and the congruence (7). 


The form f can be determined by the equality 


f (€1,£2,.-.-,2n) = (22+ 3) + (es +s) +... 


2 al 
+ (en + o>) +(a+e-73 p?) a3. 


It follows that the form f will be positive, provided 
that 


n—-1 
1+p- go > 0, 
and the upper limit R of values of p verifies the equation 


n-1 


1+R- R= 1, 


90 7 February, 2007 God’s Ayudhya’s Defence, Kit Tyabandha, Ph.D. 


40 


G. F. Voronoi (1908) Monograph Translations Series 


therefore i a 
paca 10 
J/n—i1. (20) 
This presented, let us examine a system (li, l2,...,1n) 


of integers verifying the equation (8) and the congruence 


(7). 


I say that there will be the inequalities 


lit ppi<1. (i=2,...,7) (11) 


In effect, if one suppose that 


lp + ef <1, 
one will determine e, = +1 such that the inequality 
+ 2ent = ape 
2 2 
holds, and one will present 
U=1l, and y= ly =2ex. (1=1,2,...,n;1#k) 


The condition (7) will be satisfied, and one will have, 
by virtue of (9), the inequality 


f(U4,,0,...,U,) <2, 


which is contrary to the hypothesis. 


By examining the inequalities (11) and the form f 
with the help of the formula (9), one will easily demon- 
strate that among the system of integers verifying the 
equation (8) with condition (7) is found at least one sys- 
tem (l1,le,...,l,) satisfying the conditions 


f(li,l2,.--5ln) = 2 (12) 
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and 


lg =13+6,lg3 =l4=...=1, where 6=0 or +1. (13) 


By virtue of (6), one will have the inequality 


iy [li +6+ (n — 2)ls3] < QO. 


One can suppose that 
11 <0, (14) 
and it follows that 
1 +6+4 (n—-2)l3 > 0, 
therefore, because of (13) and (14), it is necessary that 


l3 > 0. 


I say that l3 = 1. To demonstrate this, let us ef- 
fect the transformation of the positive quadratic form 
f (v1, 02,..-.,2,) with the help of the substitution 


y= -£, 2 =Yy, 3 = MW =...=—2y- 2; (15) 
one will obtain a ternary positive form 


F(z,y,z) =a? +y?+ (n—-2)z?-pa(-z& + y+ (n- 2)z). 


By virtue of the condition (7), the integers z, y, z ver- 
ify the congruence 


zty+(n-2)z=0(mod 2). (16) 


By indicating 
u=-lh, vole, w= ls, 
one will have, because of (12), (13) and (15), 
F(u,v,w) = 2, 


92 7 February, 2007 God’s Ayudhya’s Defence, Kit Tyabandha, Ph.D. 


G. F. Voronoi (1908) Monograph Translations Series 


and the condition (16) will be fulfilled. 


The inequality 


f(z,y,z) <2 


is impossible so long as the integers x,y,z verify the con- 
gruence (16). 


Let us effect the transformation of the form F(z, y, z) 
with the help of the substitution 


z=auty+(n-2)2', y=r'-y’, z=2'. (17) 


The set of systems (x,y,z) of integers verifying the 
congruence (16) will be replaced by the set of systems 
(z',y',z') of arbitrary integers. 


Let us indicate by F’(z’,y’,z') the transformed form. 
Let D and D’ be the determinants of forms F(z,y,z) and 
F'(z',y’,z'). By virtue of (17), one will have 


D'=4D. (18) 


Let us notice that the number 2 presents the mini- 
mum of the form obtained F'(z2',y’, z') determined in the 
set of all the systems (2',y’,z') of integers, the system 
(0,0,0) being excluded. 


On the ground of the known theorem § on the limit of 
the minimum of a ternary positive quadratic form, one 
will have the inequality 


2< Y2D". 
§ See: Gauss. Werke, V. II, p. 192, G6ttingen 1863. 


Lejeune- Dirichlet. Uber die Reduktion der positiven 
quadratischen Formen mit drei unbestimmten ganzen 
Zahlen. (This Journal, V. 40, p. 209) 


Hermite. Sur la théorie des formes quadratiques ter- 
naires. [On the theory of ternary quadratic forms] (This 
Journal, V. 40, p. 173) 
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It follows that 
D'>4, 


and because of (18), one obtains 
D> 1. (19) 
This presented, let us observe that the form F(z, y, z) 
has the following values: 
F(u,v,w) =2, F(1,1,0) =2, F(1,-1,0) =2+4 2p. 


By transforming the form F(z,y,z) with the help of 
the substitution 


u, Id, 1 
v, 1, -1 ; (20) 
w, O, 0) 


one obtains a form 
Foe yz = az’ +aly” + a"2!? + Qby'z! + 2b'2'2' + 2b"2'y', 
where 


a=2,a'=2, a’ =2+2p and b=p. (21) 


The product a-a'-a"” in any positive ternary quadratic 


I! " 
a, a ’ 
form ( ; : is, as one knows, always greater than 


b, b! bp! 
the determinant of the form, unless the coefficients b, b’, 
b” do not simultaneously cancel one another out. 


By indicating with Do the determinant of the form 
Fo(z',y’,z'), one will have, because of (21), 


Do < 4(2 + 2p), 
and as, by virtue of (20), 
Do = 4w2D, 


it becomes 
w?D <2+ 2p. 
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By virtue of (3) and (19), one obtains the inequality 


w <4, 
therefore 
w=1. 
By returning to the equalities (13), one obtains 
1, =-u, le=6 and l3=1, 4=—1,..., l»=1, 
where 


wu>O and 6=0,1,2. 
By substituting the values found of I1,lo,...,ln, in the 
function (5), one will have 


u27+6%+n-4 


~ u(—u+d+n—2) (22) 


It remains to determine the smallest value of this 
function providing that 


u>0O, -u+d+n-2>0, u=n+d6(mod 2) and 6=0,1,2. 
(23) 


Let us admit 
u=vVn-l+a, (24) 
a being a real number. 
The function (22) takes the form 
2n + (2a—2)/n+ a? —-2a+ 62-3 
0 Ya ¥ (a 2)n $ (5 = 2a) Jn +1 — a? -ad—5 


The value searched for of p has to verify the inequal- 
ity 
p<, 
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therefore because of (10), one will have 


Fea P > 0. (25) 


After the reductions, one obtains 


(1-67 + 26 —a?)./n + 6? —- 26 —-1-a?-2a+4+ 206 
(Jn —1) [n/n + (a —2)n + (5-2a)/n+1—a? + ad — 45] 


and, because of (25), it becomes 


(1 —67 + 26 —a?)/n + 67? —-26-1-a?—-2a+ 2a6 > 0. 


By noticing that 
67 -—26-1-—a*?-2a+2ad5<0 solongas 6=0,1,2, 
one obtains the inequality 


1-674+ 25-a?>0. 


By making 6=0 and 2, one will have 


a? <1 as long as 6=0 and 2 (26) 


By making 6=1, one will have 


a?<2 solongas 6=1. (27) 


Let us indicate by m a positive integer determined 
with the help of inequalities 


V/n-1l<m<vVn. (28) 


By declaring 
n= +p, (29) 
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one will have a positive integer p verifying the inequali- 
ties 
O<p<2m-+1. (30) 


First case: p is an odd number. 
By virtue of (23) and (29), one will have a congru- 


ence 
u=m’?+p+4+6(mod2), 


p being an odd number; one can declare 


u=m?+64+14 2t. (31) 
By declaring 
Vnamté, 
one will have 
Oe 1, (32) 


because of (28). By virtue of (24), one obtains the equal- 


ity 
u=m-1+€+a, 


and because of (31), it becomes 


Eta=m?-m4+242t+6. (33) 


By supposing that 6=0 or 2, one obtains 


€+a=0(mod 2). 


By virtue of (26) and (32), it is necessary that 


E+a=0, 
therefore 
u=m-1 so long as 6=0 and 6=2. 
By supposing that 6 = 1, one obtains, because of 
(33), 


€+a=1(mod 2). 
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By virtue of (27) and (32), the integer €+a can have 
only two values 


E+a=d+l, 


and it results in that 


u=m or m-2 aslongas 6=1. 


One obtains four values of the function (22): 


_ _(m=1)?4+n-4 _ mt+n-3 
PAs One p2= inte)? 

— _(m=2)?+n~-3 — __(m=2)?+n 
P3 = Gn—2)(n—m4l1)? 24 = Ga-I(n—m4l) 


among which is found the smallest value looked for of p. 


By noticing that 


ess pes 

On PA ala) 
_ Qp+2 

ae aaa) 1)(n-—m-—-1)(n-—m+1)’ 
= p+ 

P3— pP4 = 


(m—1)(m—-2)(n—-m+1)’ 
one obtains, because of (30), 


pi < pa < p3 
and 
p2<pi solongas p>3, 
pi<p2 solongas p<3. 


There exists only a single odd value of p verifying 
the inequalities 0 < p < 3, therefore one will have the 
inequality 

pi<p2 solongas p=1. 


We have arrived at the following result. 


The smallest value of p will have for expression 


m?+tn-3 


m(n-—m-—1), ‘32) 


P= 
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provided that n = m?+p, and the odd number p verifies 
the inequalities 
3<p<2m+1. 
In the case n= m?*+1, the smallest value of p will be 
_ (m-1)?+n-4 
P=(m=l\n=m= 1D 


Second case: p is an even number. 


One will have, because of (23), the inequality [sic] 


u =m? + 6(mod 2). 


By presenting 
u=m?4+64 2t, 


one will have the equalities 
u=m-1it+tét+ta and E+a=m?-m+2t+641. 


By supposing that 6=0 or 2, one obtains 
€é+a=l, 


and it follows that 


w=m solongas 6=0 and 2. 


By supposing that 6=1, one obtains 
E+a=O0 or €+a=2, 


therefore 


u=m+i1 or 


w=m+i1 solongas é6=1. 


The smallest value of p is found among the following 


values of the function (22): 


m?t+n-4 _— _(m+1)?+n-3 
™m(n—m—2) P2 = Tm+1)(n—m—2)? 


pl= m(n—m—2)? 
— (m=1)?+n-3 wh ime 
p3 = ee pa = me) . 
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By noticing that 


= 2m+4-p 
ee ane m(m+1)(n-—m-2)’ 
_ 4m —2p 
aa m(n-—m)(n-—m—2)’ 
2m—p 
P4— P3 = 


m(m-—1)(n-—m)’ 
one obtains, because of (30), 


p3 Spa < Pi < pa. 


We have arrived at the following result: 


The smallest value of p is expressed by the equality 


_ (m-1)?+n-3 


P= "Cm —1)(n—m) 


provided that n= m2+4+ p, and the even number p verifies 
the inequalities 
O<p<2m+1. 


42 


We have determined the value of the parameter p 
which defines the perfect form yi + px123. The determi- 
nant D of this form, by virtue of (4) and (9), will have 
for expression 


_ 4+4p —(n—1)p? 
= > ; 


D (35) 


The corresponding value of the function M(a;;) de- 
fined in Number 16 will be 


Hs 1 
DES Ml ape ay 


By applying the formulae obtained to the case: 
n= 4,5,6,7,8, 
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one obtains the same value of p 


p=. 


The corresponding perfect forms will be 


~ 19 © N II 
ma 
A A A A 5 
| | II | omer 
Ss S 8 38 
a ee 
S = = Sale 
s s ~ dl 
vt ble} Ke} & 
OA +{& Pla ala a 
i | II | i 
Q Q Q Q & 
+ ret o Cc 
g g g g + 
ine) wt tle) Ke} 
g g g g : 
+ + + + + 
: i vt 
Sal 
+ + + + 8 
wt wt wt wt 
g g g g ot 
_ — Daal Daal ™N 00 
g g g g 8 
+ + + + : 
Nt fo Blo) NO AM 
g g g g 
i‘ : 2 NN 
: g 
a 
NN NN NN NN And 
g g g 8 8 
+ + + + 
ANd AN An AN 
g g g g 


One comes across all these perfect forms in the Mém- 
oire of Mr.’s Korkine and Zolotareff: Sur les formes 
quadratiques. [On the quadratic forms] { 


t Mathematische Annalen, V. VI, p. 367. 
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The formulae obtained give a mean for the study of 
various perfect forms which verify the inequality 


M(aij) > 2. 


By making, for example, n= 12, one will have 


m=3 and p=3. 


By virtue of (34), one obtains 


and it follows that 
12 
16 
5) = 2 — 2. 
M(aij) 4/ 13 > 


All the extreme forms studied by Mr.’s Korkine and 
Zolotareff do not give a function M(a;;) of values which 
exceed 2. 


On the quadratic perfect forms and on the domains 
which correspond to them. 


We have seen in Number 29 that to the quaternary 
principal perfect form 


2 2, 2 2 
PH LFA + 63+ 4+ L1024+ 8103+ 41L44+ C2034 L2L44 C3L4, 


D= or 
corresponds the domain R made up of forms 


prey + pes + pax3 t+ pawgt ps(a1— £2)" + pje](a1— 3)? + 
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p7(@1-24)*+ps(r2-23)*+p9(x2-24)? +pi0(x3—-24)?. 


All the perfect forms contiguous to the principal form 
y are equivalent to the form 


gr =aeitazt+ a3 + ait ajr3+ 0194+ 0203+ 09%4+ 2324, 
_ 1 
D=j. 
The corresponding domain R, is made up of forms 
2 2 2 2 2 2 
P1xey + pera + p3x3 + paxg t+ ps(t1—23)° + pe(e1— £4)°+ 


p7(2— 23)" + ps(%2— 24)? + po(x3— 24)? + 
Pio(@1 + 22-—23)7 + pii(@1t+ 22-—24)7?+ 


Pi2(@1 + 2-23-24)". 


Let us examine the perfect forms contiguous to the 
perfect form ¢1. 


We have demonstrated in Number 38 that all these 
forms are equivalent to the forms 


1). yi -—pzr123, 
2). pi t+ p(21r2—6x23%4), where 6=0 or 1. 
Let us examine three perfect forms 
1). pitpzrit2, 2). 1-px1%3, 3). pitp(®1@%2-— 2324). 


1). By making p = 1 in the form ¢1 + pzriz2, one 
obtains the principal perfect form o. 


2). Let us notice that the form »1-—pz123 is equivalent 
to the form ¢) + pri232. 


In effect, the substitution 
! ! ! ! ! 
fy = —-21, Lo — £3, 3 — Lg, LA — FT, + Ly 
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does not change the form yy; and transforms the form 
£122 into the form —2{24. 


3). By making p= 1 in the form y+ p(21%2 — 2324), 
one obtains the form 


2 2 
ei+as,c3+e7+ "102+ 21034 0124+ 22034 2204 


which is evidently equivalent to the perfect form 4}. 


One concludes that all the perfect forms contiguous 
to the perfect form 1 are equivalent to the forms » and 


Pi1- 


It follows that the set of all the quaternary perfect 
forms be divided into two classes represented by the per- 
fect forms ¢ and ¢1. 


The set (R) of domains corresponding to various qua- 
ternary perfect forms is made up of two classes, too, 
represented by the domains R and R,. 


On the perfect forms in five variables and on the do- 
mains which correspond to them. 


We have determined two perfect forms in five vari- 
ables 


6 

g=aptagt+...+e§+aize+rizgs+...+2405,D = 5, 
4 

gi =aitaezt+...+03+21%3+ 2184+...+ 2405, D = =. 


N 


The corresponding domains R and R, will be com- 
posed of forms 
R) p1ei + poe +--+ 5e§ + pe(e1—22)?+ 
p7(@1— 23)? +...+ pis(x4— 25)”, 
Ri) pizi t+ perg+...+ ps2 4+ pe(z1-—23)7 +... 
+ po0(t1 + 42-24-25)”. 
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Examine the perfect forms contiguous to the perfect 
face y1. We have demonstrated in Number 38 that all 


these forms are equivalent to the forms 


1). P1 — Pt173, 
2). fi — p(2122q — 62324—6'x3%5 — 6" 2425). 


(1) 


where 


6=Oori1, 6=Ooril, 6”=0 orl. 


In the second case one obtains 8 perfect forms. By 
permuting the variables 23,24,z5 one will replace the 
forms (1) by 4 forms; thus all the perfect forms con- 
tiguous to the perfect form y,; are equivalent to the 5 
following forms: 


1. pit pxixe, 
2. pit pxrizs, 
3. pit p(e122— 2425), 


4. pit p(©1v2—43%5—£44h5), 


5. pit p(£182—2304— 2305 — £405). 


1). By making p = 1 in the perfect form 1+ pz1Z2, 
one obtains the perfect form ¢. 


2). We have seen in Number 42 that the perfect form 
~1—px1x23 is determined by the value p= 1 of the param- 
eter p in the case n=5. One obtains the form 


yp, H=eit+est ast aettazt+ aye, taeiest+...+a4¢5 (2) 


which will be transformed with the help of the substitu- 
tion 


2 ! ! ! t t t 
By = —-X25, Lo = £1 —-—Lo, X3 —XL3, La —XQ+ 84, F5 = TFot Ls 
into a perfect form ¢1. 
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3). In the form yi+p(@1%2—2425), one will put p=0O 
and one will obtain the form 


2 2 2 
e_+egt...+@35+%1%2+241%34+...+ 2325 


which is evidently equivalent to the form ¢1. 


4). In the form 91+ p(21%2—23%5—2425)), one will put 
p= 1 and one will obtain the form 


2 2 2 
ept+egt...+@54+ 41%2+ 81X3+...+ 2x5 


which is evident to the perfect form (2) 


5). It remains only to determine the perfect form: 


Pit p( £2182 — @3h4 — £325 — L4k5). (3) 


By effecting the transformation with the help of the 
substitution 


-@,+242= 2}, 
Lit tetezg+a4+e5= 29, 
L3= 8s, VA= C4, V5 = Ls (4) 


of the form 


291 + 2e(£1%2 —23%4—2£3%5— L425), 
one obtains the form 
wy pwn” be” hay” + we + 
f [-21 +a +a? + al? +06? -22h2) -2ah2- 
22525 — 2252) — 2232, —2242'5]. (5) 


By virtue of (4) the integer variables 21,75, 725,24, 25 
verify the congruence 


ei, te,+23,+2,+ 25 = 0(mod2). (6) 
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By applying to the form (5) the method unveiled in 
Number 2, one will determine the value of the upper 


limit R>O of value § with the help of equations 


€,-RE,7=0, 
fo+ Ro. —-£3— £4 —€5) = 0, 
£3 + R(—€2 + €3—€4—-£5) = 0, 
fa A653 = £3. +62 =€5) = 0; 
G5 a l= 69 he— Ea es) = 0; 


It results in that 
f2=€3 = 4=65, 
and one obtains the equations 
£i1(1-R)=0 and £2(1-2R)=0, 
thus Hi 
R= 2" 
By declaring 
ev, =0,25=1,23;=1, 7, =1,27,=1, (7) 


one will satisfy the condition (6) and one will have the 
value 4— 4p of the form (5). 


By making 


one obtains 


It follows that the positive quadratic form 


12 


xh eee ace ee 
1 


2 2 2 2 2 
5 |-e% “pass de sag eae Se aoe ie Bere (8) 


will have a value 2 corresponding to the system (7). 
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By virtue of that which has been discussed in Num- 
ber 23, the smallest value of the form (8) will correspond 
to a system (li,lo,...,15) verifying the inequality 


4 


Nile 


R+B+B+R+R<2- 2, where R= 


One obtains the inequality 


W+Bb4+34+44+ <4. 


It is easy to demonstrate that the system (7) is the 
only one verifying this inequality on condition (6), the 
systems which verify the inequality 


12 12 12 12 12 Pea 
—@2, +29 +23 +24 +250 — 24o%3- 
! ! ! I ! ! ! ! ! ! 
22oL4 — 2XoX, — 2X3X4 — 2X 3X5 —2X4Ts > O 


being excluded. By making p = 5 in the form (3), one 
obtains the perfect form 


1 
Y2= ey tag... +e5+ 5eit2at eizst... 
1 1 1 
+22%5+ Bae + Brats + prsvs, 
4 
DoS) 
2 26 
The corresponding domain R? is composed of forms 


pict t+ poxg +... + p52 + pe(x1—2@3)? +...+ p11(v2- 25)? 
+p12(11 + 22-23 -—24)7 + pis(z1 + 22-23-25)? 
+pia(t1 + 22-24-25)? + pis(-z1-z2+23+244 25)". 


The number of parameter 91, (2,...,Pi5 being equal 
to the number of dimensions of the domain Roz, one will 
determine without trouble 15 inequalities which define 
the domain Roe. 

45 
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We have demonstrated that all the perfect forms con- 
tiguous to the perfect form y; are equivalent to the per- 
fect forms y, 91 and 2. 


Choose the perfect forms contiguous to the perfect 
form ¢2. 


To this effect let us notice, in the first place, that 
the perfect form yy is contiguous to the perfect form 2, 
then observe that all the perfect forms contiguous to the 
form ¢2 are equivalent. 


To demonstrate this, examine all the faces in 14 di- 
mensions of the domain Ro. 


The domain R2 is characterised by 15 quadratic form- 


LY, 03,03, 04,05, 

(x1 — £3)”, (v1 —- Ba) (x1 — 25)”, 

(x2 — 23), (2-24), (w2— 25)”, (9) 
(v1 + 22-23-24)", (21+ 42-23-25)’, 


(a1 + 22-24-25)", (-21-22+"3+"4+25)?. 


Each face in 14 domains of the domain R2 possesses 
14 of these, and the form which remains can be called 
form opposite to the face. 


One concludes that each face is well determined by 
the opposite face. 


For the perfect forms contiguous to the perfect form 
yg to be equivalent, it is necessary and sufficient that all 
the faces of the domain Rz could be transformed one to 
one with the help of substitutions which do not change 
the domain Ro. 


It would be easy to write all these substitutions, but 
one will proceed in another way, more speedy. 


Let us observe that the face P belonging to the do- 
main R,; and Rz is characterised by all the forms (9), the 
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form (-%1-22+2%3+24+ 25)? being excluded. 


With the aid of substitution associated with the sub- 
stitution (4), one will replace the forms (9) by the forms: 


(ey ta5)*, @, £25)", (er we). 5)’ 
(x5 + wa)"; (x5 + wa) (x5 + Be); (x5 + a ee (x5 + z[5]')?, 
(a, + 24)?, (ay +04 + 24 +25)? 

(10) 


By changing the sign of x, and by permuting the vari- 
ables 25, £3, £4, 25, one will transform into itself the 
forms (10), and the form (xz, + 23+ 244+ 25)? will not 
change. 


To each similar substitution corresponds a substitu- 
tion which transforms into itself the domain Rz and the 
face P of the domain Rez, and does not change the form 


(-t1-z2+23+24+25)?. 


By changing the sign of x and by permuting 24, 23, 
x4, £5, one will transform the form (z+ 24)? into forms 


(x ao x£y)?, (x a x£3)?, (x eis, x',)?, (x) =e x5)? 
and one will transform the form (z2,+ 25)? into forms 
(x5 + ee (x2 + re ae (x5 + @,)*, 
(e, + £4)7, (ag + 215)? (aa + 25)?- 


Thus only the forms 
(x + @2)?, (wa + 03)7, (ep +03 +244 25)? (11) 


remain to examine. 


By returning to the forms (9), one obtains the forms 
corresponding to the forms (11). 


£3,23,(-%1-22+23+244+ 25)”. (12) 


It is demonstrated that all the forms (9) can be trans- 
formed into forms (12) with the help of substitutions 
which do not change the domain Ro. 
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With the help of substitutions 


21 = 22-25, 


LQ @3, 
! 
Z3= Lo, 
! ! ! ! 
G4 = 0,+ €Q—-L4-Zs5, 
! ! 
f5=-2,+ 23 
and ; 
Z1 = 2X1, 
_ ! ! ! ! ! 
2 —@1-Xo +3 +244 Zs, 
— ! 
%3= X3, 
! 
L4 = 2X4, 
ees 
25 = 5, 


one will transform the domain Rp2 into itself, and the 
form x3 will be transformed into forms x2 and (—2—2,+ 


Det ae ewe) 


We have demonstrated that all the forms of the do- 
main Rz are equivalent. It results in, from that we have 
seen, that all the perfect forms contiguous to the perfect 
form ¢2 are equivalent to the perfect form 4. 


One concludes that all the perfect forms in five vari- 
ables constitute three different classes represented by 
the perfect forms 9, and 32. 


The set of domains (R) can be divided into three 
classes also, represented by the domains R, Rj, and Ro. 


End of the first Mémoire. 
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